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The notion of fractional charges was up until now reserved for quasiparticle excitations emerging
in strongly correlated quantum systems, such as Laughlin states in the fractional quantum Hall ef-
fect, Luttinger quasiparticles, or parafermions. Here, we consider topological transitions in the full
counting statistics of standard sequential electron tunneling, and find that they lead to the same
type of charge fractionalization - strikingly without requiring exotic quantum correlations. This
conclusion relies on the realization that fundamental integer charge quantization fixes the global
properties of the transport statistics whereas fractional charges can only be well-defined locally.
We then show that the reconciliation of these two contradicting notions results in a nontrivially
quantized geometric phase defined in the detector space. In doing so, we show that detector degrees
of freedom can be used to describe topological transitions in nonequilibrium open quantum sys-
tems. Moreover, the quantized geometric phase reveals a profound analogy between the fractional
charge effect in sequential tunneling and fractional Josephson effect in topological superconducting
junctions, where likewise the Majorana- or parafermions exhibit a charge which is at odds with the
Cooper pair charge as the underlying unit of the supercurrent. In order to provide means for an
experimental verification of our claims, we demonstrate the fractional nature of transport statistics
at the example of highly feasible transport models, such as weakly tunnel-coupled quantum dots
or charge islands. We then show that the geometric phase can be accessed through the detector’s
waiting time distribution. Finally, we find that topological transitions in the transport statistics
could even lead to new applications, such as the unexpected possibility to directly measure features
beyond the resolution limit of a detector.
PACS numbers: 05.40.-a, 06.90.+v, 64.70.-p, 73.23.Hk
I. INTRODUCTION
The fundamental unit, in which transport is exchanged
between electronic systems, is the elementary charge of
the electron, e. However, in the solid state, strong quan-
tum correlations and topological phase transitions are
known to lead to the emergence of particles and excita-
tions which appear to carry, due to their collective na-
ture, a charge different from e. The probably best known
example is the doubly charged Cooper pair in supercon-
ductors. Notably, there can also appear excitations with
a fractional charge, such as Laughlin quasiparticles in the
fractional quantum Hall effect [1], electronic realizations
of parafermions [2], and quasiparticles in Luttinger liquid
nanowires [3–5].
Here, we present the novel idea that the notion of
transport with fractional charges is by no means a unique
property of systems with strong quantum correlations,
and on the contrary can occur already in the simplest
possible, classical transport regime of sequential electron
tunneling. As we show, this fractionalization is a conse-
quence of a topological transition occurring in the full-
counting statistics (FCS) of nonequilibrium transport,
which can be described by the braid group [6, 7], re-
ferred to as a braid phase transition. Importantly, this
transition occurs already for standard transport through
very simple systems, such as quantum dots or metallic
islands. We show that each eigenmode of the topologi-
cal detector dynamics contributes to the transport with
an individual fractional charge, see Fig. 1. We stress
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Figure 1. (a) Generic spectrum of W (χ), describing the com-
bined dynamics of system and detector (see Sec. II). There
are two braid subblocks with broken periodicity. The lower
one (blue) has a periodicity of 4pi, and the upper one (red)
a periodicity of 6pi. (b) The same spectrum projected onto
the complex plane. The black dots indicate the eigenvalues at
χ = 0. We see that the five eigenvalues merge into two bands,
with the indices ν = 0 and ν = 1. As explained in Sec. II, we
can assign the charges e/2 and e/3 to these two bands.
that while the fractionalisation mechanism we consider
here is quite different, we find that its signatures in
the low-frequency transport statistics are indistinguish-
able from those occurring in the transport statistics of
quasiparticles in strongly correlated systems [8–14]. Fur-
thermore, by means of nontrivially quantized geometric
phases emerging in the detector space, we show that the
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2fractional charge effect in sequential electron tunneling
represents a classical analogy to the fractional Joseph-
son effect emerging in topological superconducting junc-
tions [15–21].
A. Fractional charges versus integer charge
quantization
In order to make our result appreciable, we first need
to establish what is actually meant by a fractional charge.
Obviously, we do not claim that transport via sequential
electron tunneling literally splits the electron. However,
neither do strong quantum correlations. If we partition
any electronic system along a chosen sharp interface, we
will measure an integer number of electrons on either
side, irrespective of the interactions and the topology
present in the system. Considering the FCS of transport,
this fundamental limit is embedded in a global property of
the moment generating function m(χ) depending on the
counting field χ. Namely, m is necessarily 2pi-periodic
in χ, as χ denotes the Fourier transform variable of the
integer number of transported charges N .
The above statement goes however against the predic-
tions of field theories where a non-integer valued charge
operator emerges (see, e.g., [3]). Such theories provide
fractional charges up to arbitrary statistical moments.
This leads us to the question, how the notion of fraction-
ally charged quasiparticles can be reconciled with the fun-
damental integer charge quantization? The answer lies in
the local properties of the moment generating function,
respectively, in the analytic continuation of m. We can
derive the individual cumulants of transport, such as the
current I, the noise S, as well as the higher orders, from
an expansion of m(χ) around χ = 0. In the simplest pos-
sible case of Poissonian transport, where the emission of
individual excitations mediating the current is uncorre-
lated, the charge e∗ of a quasiparticle can be extracted
using only the lowest cumulants. Namely, one finds for
the Fano factor
F ≡ S
e |I| =
e∗
e
. (1)
This was shown for the fractional quantum Hall effect
[8–13], and for the uncorrelated emission of Cooper pairs
[22]. Very recently, the occurence of a universal fractional
Fano factor has been predicted also for transport through
a charge Kondo device [23].
Beyond the Poissonian limit, and hence beyond the
lowest two cumulants, the notion of quasiparticle charges
can be generalized as follows. We take Ref. [14] as inspi-
ration, where the FCS for transport through Luttinger
liquid nanowires was derived. In that work, the authors
show that within the framework of Luttinger liquid the-
ory, the 2pi-periodicity of the moment generating func-
tion m is indeed broken. As the authors explain, the ori-
gin of this violation is due to discarding modulations of
the charge density on the length scale of the Fermi wave
length - a standard procedure to arrive at Luttinger liq-
uid theory [24]. If therefore the transport statistics are
measured across a sharp interface (sharp with respect
to the Fermi wavelength) this literal fractionalization of
charge cannot be physical. The authors assert that in
this case, the moment generating function with broken
periodicity is only correct for χ in between −pi and pi,
and beyond this interval, m has to be continued period-
ically - thus reinstating charge quantization at the ex-
pense of discontinuities in m(χ). The fractional charge
of the Luttinger quasiparticles remains nonetheless well-
defined, as the analytic continuation of the moment gen-
erating function beyond the −pi to pi interval. To sum-
marize, the result of [14] suggests that the picture of frac-
tionally charged quasiparticles is perfectly valid locally in
χ, that is, when expanding the moment generating func-
tions into cumulants, whereas care has to be taken with
respect to the global properties of the moment generating
function. In fact, this nontrivial relation between local
and global properties of observables along a certain base
space (here the counting field χ) already indicates that
topological considerations may become important.
In the here considered topological FCS of sequential
electron tunneling, in particular for long measurement
times, we will find the exact same feature of a fractional
charge extractable from the analytic continuation of the
moment generating function m, and a globally conserved
2pi-periodicity including discontinuities at χ = ±pi. We
note that in the context of Master equations, a nonan-
alytic behaviour of the moment generating function due
to dynamical phase transitions has already been consid-
ered [6, 25, 26]. Here we provide the crucial new insight,
that these discontinuities indicate the presence of frac-
tional charges, being at odds with integer charge quanti-
zation.
We then strongly generalize this finding to finite mea-
surement times. The system-detector time evolution is
described through a kernelW (χ) which has a set of eigen-
modes as a function of χ, as depicted in Fig. 1. There is
one stationary mode (ν = 0) corresponding to the unique
stationary state of the open system, and in general many
decaying modes (ν > 0) describing the relaxation dy-
namics. WhileW remains 2pi-periodic in χ due to charge
quantization, the underlying eigenspectrum may have a
broken periodicity. We will show that in a generic case of
a topological spectrum, we can map the FCS of ordinary
electrons to a system transporting fractionally charged
quasiparticles, observed with a detector resolving only
integer charges. Here, we thus interpret the elementary
charge e as a fundamental resolution limit of the trans-
port or charge detector. Each eigenmode ν contributes
to transport with a different fractional charge, e∗ν = e/pν ,
where the integer pν > 1 denotes the broken periodicity,
as shown in Fig. 1. With this treatment we provide a
simple generic mechanism for the topological transition:
a detector with a finite resolution observing a discrete
process with a sub-resolution step size. Of course, the
quasiparticles appearing in our analogy are hypotheti-
3cal, in the sense that the system is only physical once
charge quantization is reestablished through the detec-
tor resolution. However, due to integer charge quantiza-
tion being fundamental, we do not believe that they are
more hypothetical than fractionally charged quasiparti-
cles in other theories, such as Luttinger liquids [3, 14]
or similarly chiral Luttinger liquids describing the edge
state of the FQHE [27]. Again, our argument relies on
the fact that field theories containing quasiparticles with
a non-integer charge eigenvalue seem to fail to correctly
reproduce the global properties of m [14]. Unfortunately,
a complete comparison of the two kinds of quasiparticles
is currently out of reach: the argument to reinstate in-
teger charge quantization in [14], in spite of being very
plausible, appears without formal derivation. While gen-
eralizations of Luttinger liquid theory have been worked
out [28], we are not aware of an extension that preserves
integer charge quantization [29]. A closer comparison of
the here considered effect to strongly correlated systems
is however possible for the special case of the fractional
Josephson effect, as we explain in more detail below.
Concerning the ongoing quest in the community to de-
tect exotic quasiparticles via their fractional transport
properties [30–33], we can interpret our result with ei-
ther a positive or a pessimistic ring. On the upside, we
show that one can realize fractional charges in condensed
matter systems with very simple means of ordinary clas-
sical transport, avoiding difficulties related to controlling
strongly correlated quantum systems. It is merely the
mechanism for creating the fractional charges which is
different, as in our case, all we need is a topological tran-
sition in a completely classical dynamics, where the max-
imal fractionalization depends simply on the number of
available, local degrees of freedom.
However, regarding the effort to experimentally ver-
ify the existence of exotic fractional excitations such as
Laughlin quasiparticles, our work suggests that signa-
tures in the transport statistics, at the very least in
the here considered low-frequency regime, may not be
as unique as generally expected. We note that the con-
text of the integer quantum Hall effect, it has already
been predicted, that so-called “half-Levitons” can be gen-
erated even in the absence of strong correlations [34]. In
that work it is however required that the flux induced
by the injection voltage equals exactly pi, leaving thus
the open question, how far the effect is protected. The
mechanism we propose on the other hand is of topolog-
ical nature, and therefore does not require a fine-tuning
of parameters.
B. Geometric phases and classical analogy to
fractional Josephson effect
As we argue here, integer charge quantization repre-
sents a crucial ingredient in understanding the transport
statistics with fractional charges. In the second part of
this paper, we show that the incompatibility of fraction-
ally charged quasiparticles and integer charge quantiza-
tion results in a nontrivially quantized geometric phase
defined along the counting field. In fact, we find that the
geometric phase provides an additonal topological num-
ber in its own right. It does not merely reflect the topol-
ogy of the eigenspectrum, but relates the periodicity of
the eigenspectrum (fractional charges) to the periodicity
of the operator generating the transport dynamics (inte-
ger charge quantization).
Since the system-detector dynamics are described by
a non-hermitian kernel, this result connects to recent ef-
forts in defining geometric phases and topological num-
bers in the context of non-hermitian Hamiltonians de-
scribing optic systems [35–37], and contributes to the fun-
damental open question of generalizing geometric phases
and related topological numbers to open, nonequilibrium
quantum systems [35–42] by explicitly proposing topo-
logical numbers defined in the detector space.
Importantly, by means of this geometric phase, we can
show that the charge fractionalization in sequential elec-
tron transport can be considered as a classical analogy to
the fractional Josephson effect, emerging in topological
Josephson junctions [15–21]. Here, the classical count-
ing field χ has its counterpart in the phase difference φ
describing the quantum coherent superconducting trans-
port across Josephson junctions. Just as a 2pi-periodicity
in χ signifies that the electron charge e is the underly-
ing unit of incoherent transport, a 2pi-periodicity in φ
indicates the Cooper pair charge 2e as the fundamental
unit of superconducting transport. In topological Joseph-
son junctions, the usual 2pi-periodicity in the supercon-
ducting phase difference φ gets broken due to the trans-
port of “fractional” Cooper pairs, such as the tunneling
of Majorana- or parafermions with a 4pi [15–18], respec-
tively an 8pi Josephson effect [19–21]. However, we have
to insist again, that when measuring supercurrents across
a sharp interface, it is only the eigenspectrum describing
the supercurrent transport which exhibits a broken pe-
riodicity. The Hamiltonian describing the supercurrent
transport should remain 2pi-periodic, indicating that the
Cooper pair still is the fundamental unit in which the
supercurrent is transported and eventually measured. In
fact, as we already pointed out, we believe that in Lut-
tinger liquids a formal requantization of charge is highly
nontrivial; so far we have only encountered qualitative ar-
guments, as in Ref. [14]. For topological superconducting
junctions on the other hand, we will argue that fixing the
global 2pi-periodicity of the Hamiltonian as a function of
φ can be formally justified in a straightforward fashion.
Thus, we can show that our result of quantized geomet-
ric phases can be easily transferred to supercurrents in
topological Josephson junctions by replacing χ with φ.
In this way, we are able to establish a deep analogy be-
tween fractional charges in strongly correlated systems
and in classical sequential electron tunneling.
In fact, we can think of the fractional transport of elec-
trons as a classical simulation of the fractional Joseph-
son effect. In a similar spirit, the simulation of topo-
4logical features known from quantum coherent systems
by means of a classical stochastic dynamics has been re-
cently and prominently demonstrated in the diffusion of
polymers [43, 44], by exploiting the structural similarity
between the Schrödinger equation and the diffusion equa-
tion. Likewise, the realization of a Su-Schrieffer-Heeger
(SSH) model has been recently proposed using the full-
counting statistics of single electron transistors [45]. We
note that we have reason to believe that in our particular
case, the simulation might actually be more stable than
the original. The fractional Josephson effect is strongly
susceptible to the breaking of fermion parity [15, 46, 47].
The topology in the incoherent transport on the other
hand is defined in the single electron transport, and thus
by nature stable with respect to parity breaking.
C. Experimental verification and possible
applications
In the final part of our work, we aim to point to-
wards experimental verifications of our claims. First,
we study a nearly Poissonian regime, where a measure-
ment of the lowest few cumulants of the current suf-
fices to determine the fractional charge of the station-
ary mode, along similar lines as Eq. (1). By means of
the topological argument, we show that the shot noise
regime in quantum dots, which was hitherto considered
as strictly sub-Poissonian [48], should actually be inter-
preted as a nearly Poissonian transport with a fractional
charge. With the continued experimental progress in the
detection of higher cumulants of the current [49–59] we
believe that the fractional nature of sequential electron
transport could be verified with existing technology.
When going beyond this Poissonian regime, and when
trying to measure fractional charges of decaying modes,
we need to have access to the time-dependent dynamics
of the detector. These can be measured by means of the
detectors waiting time distribution, describing the statis-
tics of time intervals between transport events [60–66].
Importantly, we are able to show that the waiting times
can also provide the geometric phases. We study easily
realizable models, where the waiting times are accessible
through time resolved measurement of the charge state
of the system, and provide some recipes for acquiring the
geometric phases. At the end, we study some realistic
cases of detector errors and comment on detector back-
action effects. We argue that neither of them can fun-
damentally hamper the measurement of the topological
features.
Finally, through a simple extension of the studied mod-
els, we briefly show that braid phase transitions in the
detector dynamics may open up unexpected applications
for new measurement techniques going beyond the detec-
tor resolution. Namely, such transitions occurs likewise,
when considering a detector which is not necessarily re-
stricted by some fundamental limit, but rather due to a
deficiency.
This paper is structured as follows. In Sec. II we
establish that the braid topology corresponds to frac-
tional charges in classical, stochastic transport and per-
form a comparison to FCS in Luttinger liquids. We then
show in Sec. III the emergence of quantized geometric
phases defined along the counting field, which depend on
the ratio between the fractional charges and the integer
charge quantization. In the same section, we demonstrate
the analogy to the fractional Josephson effect, known
from topological superconducting junctions. Finally, in
Sec. IV we provide strategies to verify our claims in ex-
periment.
II. TOPOLOGY IN FULL COUNTING
STATISTICS AND FRACTIONAL CHARGES
A. Transport statistics and braid group
In this work, we focus on sequential tunneling of elec-
trons through small quantum systems, such as quantum
dots or metallic islands. Let us first provide the main
assumptions concerning the dynamics of the open quan-
tum system in the absence of transport measurement.
Namely, we assume a local system weakly tunnel coupled
to two (or more) reservoirs. With weak coupling, we here
mean that the time scale at which the electrons tunnel is
slower than the time scale at which correlations in reser-
voirs decay. Given the tunneling rate Γ (for a definition
see Sec. II B and Sec. S1.1 in [67]), the weak coupling pic-
ture is valid as long as Γ τ−1res , where the inverse of the
time scale at which correlations decay in the reservoirs.
The latter scales with the dominant energy scale given
by the reservoir. Close to resonance τ−1res scales with the
reservoir temperature. When the chemical potentials of
the reservoirs are strongly detuned from the systems en-
ergy states, then τ−1res scales with the difference between
said energies and the chemical potential.
Through tracing out the reservoir degrees of freedom,
the state of the local system is described by a reduced
density matrix. We focus on the simplest possible case,
when the dynamics of the system is completely incoher-
ent, such that the reduced density matrix stays diago-
nal in a given basis (in our case, the charge and energy
eigenbasis of the quantum system). In this case, we may
discard the offdiagonal elements, and capture the diago-
nal part of the density matrix as a vector of probabilities,
|P ). In the weak coupling regime, the time evolution of
|P ) is given by a fully markovian master equation
∂t |P (t)) = W |P (t)) , (2)
where W can be represented as a trace preserving ma-
trix, with a set of eigenvalues {λn}. It can be decom-
posed into a sum of contributions, W =
∑
αWα, where
each Wα describes the coupling to one reservoir α. We
focus on matricesW with a unique stationary state, with
eigenvalue λ0 = 0, while the other (generally nondegen-
erate) eigenvalues λn6=0 have a real part < 0. We refer
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ing modes. We furthermore focus on matrices W , which
have in addition corresponding left and right eigenvec-
tors, |n) and (n|, where the notation is such that any |a)
is a vector, whereas any (b| should be regarded as a map
(b| · from a vector to a scalar. The right eigenvector to
λ0 = 0, |0), corresponds to the density matrix of the sta-
tionary state, |0) = limt→∞ |P (t)). The corresponding
left eigenvector (0| is simply the operator tracing over the
degrees of freedom of the quantum system, (0| · = trS [·].
Thus, (0| having eigenvalue 0 expresses the trace preserv-
ing property of W , i.e., (0|W = 0. The decaying modes
n 6= 0 may likewise have a specific physical interpreta-
tion, depending on the system under consideration. For
quantum dot systems (as we consider them later) such
higher modes correspond to the decay of the charge or
spin of the quantum system [68], or even a quantity re-
lated to fermion parity [69–72].
Now we come to the measurement of transport. For
for the sake of simplicity, but without loss of generality,
we limit our considerations to two reservoirs, one left
and one right, such that we may write W = WL + WR.
The central object of interest is the probability p(N, τ)
of having transported N electrons into a given reservoir,
after a measurement time τ . The moment generating
function is then defined as the Fourier transform of this
probability,
m(χ, τ) ≡
∑
N
eiχNp (N, τ) , (3)
where χ is referred to as the counting field.
We describe the FCS by the addition of an explicit
detector with a degree of freedom N , coupled to the sys-
tem such that N → N ± 1 when an electron exchange is
measured. The detector is thus part of the total physi-
cal system storing the information of the transport pro-
cesses [73], and the dynamics of system plus detector can
be described in terms of an all-encompassing Hamilto-
nian operator [40, 41, 74]. Evaluating m(τ) consequently
corresponds to a projective measurement of the detec-
tor state at time τ . Taking into account the compos-
ite detector and system degrees of freedom, we receive
|P (t)) → |P (N, t)) and W → W (N −N ′). The off-
diagonal elements in W correspond to all processes that
transport a nonzero charge N − N ′ 6= 0. The result-
ing dynamics of system and detector is now given as
∂t |P (N, t)) =
∑
N ′W (N −N ′) |P (N, t)). We perform
again the same Fourier transform, resulting in the equa-
tion,
∂t |P (χ, t)) = W (χ) |P (χ, t)) . (4)
By means of this Fourier transform, it is easy to un-
derstand the relation between W (χ) (for the system-
detector dynamics) and W = W (0) (for the system dy-
namics only). Namely, χ = 0 corresponds simply to trac-
ing over the detector degrees of freedom N , thus dis-
carding the information stored in the detector state, and
recovering the system dynamics without the detector.
Equation (4) establishes the combined system-detector
dynamics. Note that these dynamics are valid when con-
sidering time scales τ slower than the reservoir correla-
tion time, τres. We refer to this as the low-frequency
limit of FCS. Note however that due to weak coupling,
Γ  τ−1res , we can not only correctly describe the zero-
frequency limit of FCS τ−1  Γ (which we also refer to
as the long measurement time limit), but also a finite
frequency regime, where τ−1 is not limited with respect
to Γ (as long as Γ, τ−1  τ−1res ). Based on these dynam-
ics, we are able compute the moment generating function
after a measurement time τ [see Eq. (3)] as,
m (χ, τ) = (0 (0)| eW (χ)τ |0 (0)) (5)
=
∑
n
αn (χ) e
λn(χ)τ , (6)
where we expressed the right-hand side explicitly in
terms of the eigenspectrum of W (χ). That is, αn (χ) =
(0 (0) |n (χ)) (n (χ) |0 (0)) , where λn(χ) and |n(χ) as well
as (n(χ)| are the eigenvalues, and right as well as left
eigenvectors of W (χ). The labels of all n at finite χ
are chosen such that they correspond the same labels for
χ = 0. Consequently, with the eigenvalue λ0 (χ) we de-
note the mode that corresponds to the stationary state
for χ = 0, such that λ0 (0) = 0. In Eq. (6) we assumed
the system to be in the stationary state |0(0)) initially,
which is however not a necessary condition for our follow-
ing results. We note furthermore that we here consider
systems where W can be always decomposed into left
and right eigenvectors for real χ. In Sec. S2 in [67], we
do however show that there are special, isolated points
(commonly referred to as exceptional points) in the space
of complex χ, where a decomposition into eigenvectors
is not possible. In fact, these points generate the here
considered topology (see later in this section, as well as
Sec. S2 in [67]).
Up until now, we have considered the detector as an
actual physical quantity, with a measurable state. There
is an alternative way of formulating and interpreting the
FCS, in terms of the current operator Î as the observ-
able, i.e., through the expectation value of Î and higher
cumulants (current noise, skewness, and so forth). As
we will see, there are some subtle differences between the
two notions of FCS in the topological phase. They can be
related as follows. One defines the cumulant generating
function c as m(χ) = ec(χ,τ)τ . Then, the cumulants are
obtained through a local Taylor expansion of c around
χ = 0,
Ck(τ) = (−ie)k ∂kχc (χ, τ)
∣∣∣
χ→0
. (7)
For instance, the current expectation value is given as
I = C1, or the current noise as S = C2. Thus, the Taylor
series of the cumulants provides the analytic continuation
of the moment generating function. Finally, in the limit
of very long measurement times τ → ∞, one can easily
see in Eq. (5), that only the eigenvalue with the lowest
6real part survives. Thus, for the cumulant generating
function, at least locally at χ close to zero, one finds [75,
76]
c∞ (χ) ≡ lim
τ→∞ c (χ, τ) = λ0 (χ) . (8)
This limit can be considered as a thermodynamic limit
of a macroscopic number of transported electrons.
Importantly, returning now to the picture of an explicit
detector, we have so far only specified that we measure
the transport into a given reservoir. But we have not
yet specified which one of the reservoirs. Moreover, due
to current conservation, the stationary current entering
from the left reservoir must be the same as the entering
the right reservoir. Hence, we could also consider an ap-
propriately weighted sum of transport measurement at
both reservoirs, as long as their sum still provides the
same current. Such a specification seems like a trivial-
ity, especially in the long measurement time limit, where
the eigenvalue λ0(χ) alone enters in the observables, see
Eq. (8). Namely, as we argue in a moment, there are
many different detector setups providing the same eigen-
values, precisely thanks to current conservation. How-
ever, in the remainder of this work we will encounter some
subtleties which render this question nontrivial. Namely,
unlike the eigenvalues, the eigenvectors are sensitive to
the measurement setup, and they enter the observables
for finite times τ , or when discussing geometric phases
(see Sec. III).
To appreciate the importance of the measurement
setup, let us start by showing that to ensure integer
charge quantization, it will be necessary to choose a sharp
interface, across which transport is measured. For the
here considered small quantum systems (such as quan-
tum dots), this leaves us with two possibilities. Either we
place the detector at the interface between the quantum
system and the right, or the left contact. For a detector
attached to the right (which will be the default setting
for the rest of the paper, unless specified differently), the
kernel including counting fields can be represented in a
compact way as
W (χ) = WL + e
−iχn̂WReiχn̂ , (9)
where n̂ is a superoperator, defined such that (0|n̂|P )
returns the charge expectation value of the quantum
system. We will define n̂ explicitly later, when deal-
ing with explicit models. If we were to measure at
the interface to the left reservoir on the other hand,
we would find a different kernel, which can be ob-
tained from the above through the unitary transforma-
tion, eiχn̂W (χ)e−iχn̂. Both of these kernels are mani-
festly 2pi-periodic, since n̂ has integer eigenvalues, thus
ensuring the 2pi-periodicity ofm(χ) [see Eq. (5)], and pre-
serving integer charge quantization. To emphasize the re-
lation between charge quantization and sharp interfaces,
let us now consider an example, where the detector is,
in some sense, not precise. Imagine a detector that mea-
sures currents out of the left and into the right contact,
and superposes them with a probability of p and 1−p, re-
spectively. Such setups are likewise described through a
unitary transformation, eiχn̂pW (χ)e−iχn̂p. Because they
are related to a unitary transformation, all these kernels
will provide the same eigenvalues as the kernel in Eq. (9),
and consequently the same cumulants in the long time
limit (due to the aforementioned current conservation).
However, for the unprecise detection schemes, p 6= 0, 1,
the kernels have a broken 2pi periodicity, and thus vi-
olate integer charge quantization. This is however not
unphysical (similar to the argument in [14]), because we
do not measure across a single sharp interface, but at
two interfaces, with a statistical uncertainty ∼ p(1 − p).
This indicates at a very simple example the necessity to
measure at a sharp interface.
Now, we discuss the topology of the eigenspectrum of
W (χ), as first studied by Ren and Sinitsyn [6]. This no-
tion of topology arises from two ingredients. The first in-
gredient is the 2pi-periodicity ofW (χ) in χ due to the dis-
creteness of the transport process (when measured across
a sharp interface), from which follows that at a certain
value of χ, W (χ) has the same set of eigenvalues as at
χ + 2pi. The second ingredient is the continuity of the
eigenspectrum as a function of χ, in the sense that lo-
cally (in χ) we can always find a labelling n of eigenval-
ues, such that ∂χλn (χ) is well-defined. This allows us
to examine, how the eigenvalues are connected in a 2pi
interval in χ. And as shown in [6] this connection can
be nontrivial, such that the eigenspectrum of the ker-
nel W (χ) can undergo topological transitions, which are
characterized according to the braid group [77].
In fact, as we foreshadowed above, we are able to re-
late the topology of the eigenspectrum along χ ∈ R to
exceptional points in the space of a complex counting
field χ ∈ C, i.e., isolated points, where certain eigenval-
ues are degenerate and the corresponding eigenvectors
are ill-defined (for more details, see Sec. S2 in [67]). To
each of the exceptional points, we can assign a generator
of the braid group. Thus, depending on the configura-
tion of the exceptional points in the space of the complex
counting field, the topology of the eigenspectrum for real
χ is described by a certain element of the braid group.
This provides us in some sense with a bulk-boundary cor-
respondance. In the 2D space of complex counting fields
there emerge special points (exceptional points) which
carry a braid generator (similar to a topological charge),
which then in turn define the topology of the eigenspec-
trum along the 1D space of the real counting field. Tran-
sitions between different topologies occur through a pass-
ing of an exceptional point across the real axis of χ. This
provides us furthermore with a concrete argument for the
topological protection of the effect. Namely, small varia-
tions in the kernel W (χ) give rise to only small shifts of
the exceptional points. Thus, the topology of the eigen-
spectrum is stable within a connected parameter sub-
space. Moreover, as we show in Sec. S2 in [67], for generic
kernelsW there is no fundamental symmetry (apart from
equilibrium transport, see also later) which forbids the
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transition is always possible, in a generic nonequilibrium
setup. The exceptional points will again be important
when discussing geometric phases in Sec. III.
Of particular interest in this work is the subgroup of
braids whereby the 2pi-periodicity of the kernel W (χ)
can be broken on the level of the underlying eigenspec-
trum. Namely, different eigenvalues can wind around
each other when continuously advancing χ by 2pi, such
that λn (χ+ 2pi) = λn′ (χ) with n′ 6= n. We define the
periodicity pn ∈ N for a particular eigenvalue n to re-
turn to its original value through λn (χ+ 2pipn) = λn (χ),
i.e., as the integer number of times we need to shift
χ by 2pi to return to the original eigenvalue. Impor-
tantly, from the 2pi-periodicity of W (χ), it follows that
the eigenvectors satisfy the same relations, such that
|n (χ+ 2pipn)) (n (χ+ 2pipn)| = |n (χ)) (n (χ)|. We pro-
vide a generic example of a system with 5 eigenvalues in
Fig. 1a. In this example, we chose a spectrum which is
comprised of two braid subblocks that have a different pe-
riodicity. In the example of Fig. 1, λ0 (χ+ 2pi) = λ1 (χ)
and λ1 (χ+ 2pi) = λ0 (χ), as well as λ2 (χ+ 2pi) = λ3 (χ),
λ3 (χ+ 2pi) = λ4 (χ), and λ4 (χ+ 2pi) = λ2 (χ).
Finally, let us stress that, due to the overall 2pi-
periodicity of W (χ), the breaking of the periodicity on
the level of the eigenvalues and eigenvectors goes hand in
hand with a redundancy. That is, the individual eigen-
values and eigenvectors in the same braid subblock are
merely shifted images of each other, and thus contain all
the same information. This fact will be of importance in
Sec. II C. Considering the eigenvalues as a function of χ
as generalized, complex bands, and χ as a detector mo-
mentum [78], we may regard the braid phase transition
with a breaking of periodicity as a merging of bands. We
account for the resulting redundancy by assigning a new
band index ν, which does not count individual eigenval-
ues, but enumerates individual subblocks (i.e., the actual
independent bands). This is illustrated in Fig. 1b, where
the spectrum has been projected onto the complex plane.
Here, the eigenvalues n = 0, 1 form the new topological
band ν = 0, and the eigenvalues n = 2, 3, 4 form the band
ν = 1. In essence, enumerating the eigenvalues with the
index n is meaningful when looking at the spectrum at a
specific value of χ, whereas the index ν is meaningful for
indexing the eigenspectrum when putting it into relation
with the global 2pi-periodicity of W .
In the following, we will argue that the periodicity
breaking due to the nontrivial topology results in a trans-
port statistics in terms of fractional charges in the same
sense as it occurs in the above mentioned strongly corre-
lated systems. Each of the bands ν provides a separate
fractional charge e∗ν = e/pν . That is, in the example
given in Fig. 1, the band ν = 0 has a fractional charge
of e/2, and the band ν = 1 contributes to the transport
with a charge e/3. In the next sections, we will provide a
careful argumentation for the fractional effect, and show
that it is, as a matter of fact, an extremely common oc-
currence in many simple transport situations.
B. Fractional charges of the stationary state
We first want to establish the emergence of a fractional
charge in quantum dot systems for the stationary mode
n = 0, i.e., when focussing on a transport measurement
in the limit of long measurement times τ →∞. We first
discuss the simplest generic transport model, the single-
level quantum dot, where a braid phase transition occurs
for the stationary state for a sufficiently strong out-of-
equilibrium bias, leading to a fractional charge e/2. We
then extend the model to a serial double quantum dot,
where in addition a fractional charge e/3 can occur in
the stationary state. For the latter model, we also dis-
cover topological phases with a trivial stationary state,
but nontrivial decaying modes, requiring an understand-
ing of fractional charges beyond the long measurement
time limit.
1. Single-level quantum dot
Let us begin with the simplest possible model of a
single-level quantum dot coupled to two reservoirs. As
we will argue now, there occurs a topological phase where
the transport is correctly described in terms of fractional
charges. We then put this result in relation with the
FCS obtained in Luttinger liquid nanowires [14]. Cru-
cially, even though the two systems are physically very
different, we will find that the moment generating func-
tion provides the same signatures of fractional charges
for both systems.
We assume that a single-level quantum dot has very
low capacitances, such that the energy associated with
charging the system is far greater than the temperature.
Let us set the energy of the single quantum dot level such
that it is in the resonant configuration, where only a tran-
sition between the empty and the singly filled level, |0〉
and |1〉, is possible (we take into account the possibility
that the state |1〉 may be spin-degenerate). We weakly
couple the dot to two ordinary metallic reservoirs, one left
and one right, and we measure the transport statistics at
the tunnel contact to the right reservoir, see Figs. 2a and
b. The full Hamiltonian is described in Sec. S1.1 in [67].
The state of the quantum dot can be described by a
(diagonal) density matrix, which reads, in vector form,
|P ) = (P0, P1)T , where P0 and P1 are the probability to
be in either of the two charge states. The corresponding
kernel for weak tunnel coupling reads
W (χ) = WL + e
iχn̂WRe
−iχn̂ , (10)
with n̂ = diag [(0, 1)] and [79]
Wα =
( −σΓαfα Γα [1− fα]
σΓαfα −Γα [1− fα]
)
, (11)
where α = L,R, and σ indicates the degeneracy of
the quantum dot level, e.g., for the ordinary spin-
degenerate case, σ = 2. The transition rates are given
8by the tunnling rates Γα and the Fermi functions, fα =
1/
(
1 + eβ[−µα]
)
, where β is the inverse of the thermal
energy kBT , and the energy differences  − µα are con-
trolled by gate and bias voltages. We furthermore define
the sum of tunneling rates Γ = ΓL + ΓR. Importantly,
with the same kernel, we may also describe metallic is-
lands instead of quantum dots on a similar footing [79].
Therefore, while for the remainder of this section we focus
on the quantum dot case, we stress that the results dis-
cussed below hold qualitatively also for metallic islands.
The spectrum ofW (χ) in Eq. (10) has two eigenvalues,
λ0 (χ) and λ1 (χ), which are given as
λ0,1 (χ) = −γc
2
[
1∓
√
1 + u(χ)
]
, (12)
with
u(χ) = r+
(
eiχ − 1)+ r− (e−iχ − 1) , (13)
and γc =
∑
α (σΓαfα + Γαf
−
α ) is the charge relaxation
rate, such that λ1(χ = 0) = −γc (see also Ref. [68]), and
r+ = 4σΓLΓRfLf
−
R /γ
2
c as well as r− = 4σΓLΓRf
−
L fR/γ
2
c .
We find that 0 ≤ r± ≤ 1, with the constraint 0 ≤ r+ +
r− ≤ 1. Note also that at χ = 0, u = 0. Crucially, while
Eq. (12) is a well-known result [80, 81], we here argue
that it has not yet been interpreted to its fullest extent.
As a first step, we point out that for these two eigen-
values, we encounter two distinct topological phases, in
accordance with [6]. The spectrum is either trivial, as
depicted in Fig. 2c, or topological with a 4pi-periodicity,
as depicted in Fig. 2d. In the latter case, the two eigen-
values λ0,1 merge into one single band λν=0. The occur-
rence of the topological phase can be easily understood in
terms of basic complex analysis, when considering u(χ),
see Eq. (13). For r+ + r− < 1/2, u(χ) does not enclose
the point −1 when drawing it as a complex contour for
χ from 0 to 2pi. Here, the spectrum is trivial, as we
can always evaluate the square root in Eq. (12) for all χ
without having to take into account the branch cut. As
soon as r+ + r− > 1/2, u(χ) does enclose the point −1,
and the eigenspectrum is topological, as the branch cut
is unavoidable.
Importantly, as we stated already, the topological
phase appears within a connected parameter subspace,
see Fig. 3a and b, and is thus stable with respect to
small variations of the system parameters. The configu-
rations that favour the topological phase are for strong
bias, where the transport goes predominantly in one di-
rection, see Fig. 2b. For the special case of zero bias on
the other hand, the braid phase transition is not possible
(as also pointed out by [6], see also Sec. S2.2 in [67]).
Namely, in equilibrium, the eigenspectrum of W is real
for all χ, and is in general gapped, with an ordinary 2pi-
periodicity. As we will discuss later (in Sec. III B), topo-
logical Josephson junctions provide an exception, where
the transport dynamics is described by an operator with
a real spectrum with broken periodicity. This however re-
quires extra conditions, which are satisfied thanks to the
presence of the nontrivial superconductors (see also S2.3
in [67]). Finally, the topological phase in W is inhibited
likewise for strongly asymmetric tunnel coupling (even in
the presence of a strong bias), because strong coupling
asymmetry leads to one of the two tunnelings being the
bottle neck process. This results in eigenvalues which
are far apart, and do thus not engage in a braid phase
transition.
In fact, even though it is hard to predict the topology of
the eigenspectrum for a general matrixW (χ) without ex-
plicitly calculating it, the above realizations can serve us
to give at least some rudimentary recipes, which are valid
beyond the above simple model with only two states. In
order to create a system with a nontrivial topology, one
should generally avoid being close to equilibrium. As just
stated, in equilibrium, the eigenspectrum is real, and is
therefore in general gapped, unless additional symme-
tries are present (see also Sec. III B). Secondly, processes
occuring with strongly different time scales (such as the
strongly asymmetric tunnel coupling mentioned above)
give rise to strongly separated eigenvalues that do not
partake in a braid phase transition. A third point relates
to the fact that in above kernel, we did not include en-
ergy levels and charge states, that are either way above or
way below the energy window spanned by the two chemi-
cal potentials. These additional states decay in principle
with similar rates as the active states |0, 1〉 (at least if
the tunneling rates are only weakly energy-dependent),
and thus they do not provide a separation of time scales.
However, such levels do not contribute to the transport as
they are either always empty, or always filled. This fact
manifests on the level of the eigenspectrum as eigenval-
ues that depend only very weakly on χ. Such eigenvalues
are inert, and do likewise not partake in a braid phase
transition.
Let us now look at the moment generating function in
the long measurement time limit τ →∞. Here, only the
eigenvalues with the real part closest to zero survive, see
Eq. (6). While for a trivial spectrum this simply means
that the moment generating function is given by a sin-
gle mode, m(χ,∞) = limτ→∞ eλ0(χ)τ , for the topological
spectrum, m becomes discontinuous,
m(χ,∞) = lim
τ→∞
{
eλ0(χ)τ for Re [λ0 (χ)] > Re [λ1 (χ)]
eλ1(χ)τ for Re [λ0 (χ)] < Re [λ1 (χ)]
.
(14)
As we see, the moment generating function remains 2pi-
periodic, while the analytic continuation of m around
χ = 0 leads to a broken periodicity in χ. However,
which of the two will be measured? Crucially, the 2pi-
periodic result will be found by an experimenter having
explicitly access to a detector attached to the right reser-
voir, as introduced in Sec. IIA. Let us contrast this to a
different experimenter, who has access to the cumulants
Ck(τ →∞), e.g., by measuring the expectation values of
the current operator Î and its higher order correlations
for very long times (see Eqs. (7) and (8) in Sec. II A).
The latter experimenter will not observe the discontinu-
ity. Instead, by reconstructing the cumulant generating
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0
<latexit sha1_base64="TS6COpw5lDK h/GfvJABBX7bov+E=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI1lvBi8cWjC2 0oWy2k3btZhN2N0IJ/QVePKh49S9589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWd mmnvLu3f3BYOTp+0EmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+nfntJ1SaJ/LeTFI MYjqUPOKMGiu13H6l6tbcOcgq8QpShQLNfuWrN0hYFqM0TFCtu56bmiCnynAmcFruZ RpTysZ0iF1LJY1RB/n80Ck5t8qARImyJQ2Zq78nchprPYlD2xlTM9LL3kz8z+tmJqo HOZdpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7YheMsvrxL/snZTc1tX1 Ua9SKMEp3AGF+DBNTTgDprgAwOEZ3iFN+fReXHenY9F65pTzJzAHzifP+RkjH0=</l atexit><latexit sha1_base64="TS6COpw5lDK h/GfvJABBX7bov+E=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI1lvBi8cWjC2 0oWy2k3btZhN2N0IJ/QVePKh49S9589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWd mmnvLu3f3BYOTp+0EmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+nfntJ1SaJ/LeTFI MYjqUPOKMGiu13H6l6tbcOcgq8QpShQLNfuWrN0hYFqM0TFCtu56bmiCnynAmcFruZ RpTysZ0iF1LJY1RB/n80Ck5t8qARImyJQ2Zq78nchprPYlD2xlTM9LL3kz8z+tmJqo HOZdpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7YheMsvrxL/snZTc1tX1 Ua9SKMEp3AGF+DBNTTgDprgAwOEZ3iFN+fReXHenY9F65pTzJzAHzifP+RkjH0=</l atexit><latexit sha1_base64="TS6COpw5lDK h/GfvJABBX7bov+E=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI1lvBi8cWjC2 0oWy2k3btZhN2N0IJ/QVePKh49S9589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWd mmnvLu3f3BYOTp+0EmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+nfntJ1SaJ/LeTFI MYjqUPOKMGiu13H6l6tbcOcgq8QpShQLNfuWrN0hYFqM0TFCtu56bmiCnynAmcFruZ RpTysZ0iF1LJY1RB/n80Ck5t8qARImyJQ2Zq78nchprPYlD2xlTM9LL3kz8z+tmJqo HOZdpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7YheMsvrxL/snZTc1tX1 Ua9SKMEp3AGF+DBNTTgDprgAwOEZ3iFN+fReXHenY9F65pTzJzAHzifP+RkjH0=</l atexit>
0.4
<latexit sha1_base64="8yypWkJ5N8X6tT wd7oJWJgHZ+Z8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEsN4KXjxWNLbQhrLZTt qlm03Y3Qil9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZelAmujed9O6W19Y3NrfJ2ZWd3b/+g enj0qNNcMQxYKlLVjqhGwSUGhhuB7UwhTSKBrWh0M/NbT6g0T+WDGWcYJnQgecwZNVa699z LXrXmud4cZJX4BalBgWav+tXtpyxPUBomqNYd38tMOKHKcCZwWunmGjPKRnSAHUslTVCHk /mpU3JmlT6JU2VLGjJXf09MaKL1OIlsZ0LNUC97M/E/r5ObuB5OuMxyg5ItFsW5ICYls79J nytkRowtoUxxeythQ6ooMzadig3BX355lQQX7rXr3V3WGvUijTKcwCmcgw9X0IBbaEIADA bwDK/w5gjnxXl3PhatJaeYOYY/cD5/AMLvjPM=</latexit><latexit sha1_base64="8yypWkJ5N8X6tT wd7oJWJgHZ+Z8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEsN4KXjxWNLbQhrLZTt qlm03Y3Qil9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZelAmujed9O6W19Y3NrfJ2ZWd3b/+g enj0qNNcMQxYKlLVjqhGwSUGhhuB7UwhTSKBrWh0M/NbT6g0T+WDGWcYJnQgecwZNVa699z LXrXmud4cZJX4BalBgWav+tXtpyxPUBomqNYd38tMOKHKcCZwWunmGjPKRnSAHUslTVCHk /mpU3JmlT6JU2VLGjJXf09MaKL1OIlsZ0LNUC97M/E/r5ObuB5OuMxyg5ItFsW5ICYls79J nytkRowtoUxxeythQ6ooMzadig3BX355lQQX7rXr3V3WGvUijTKcwCmcgw9X0IBbaEIADA bwDK/w5gjnxXl3PhatJaeYOYY/cD5/AMLvjPM=</latexit><latexit sha1_base64="8yypWkJ5N8X6tT wd7oJWJgHZ+Z8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEsN4KXjxWNLbQhrLZTt qlm03Y3Qil9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZelAmujed9O6W19Y3NrfJ2ZWd3b/+g enj0qNNcMQxYKlLVjqhGwSUGhhuB7UwhTSKBrWh0M/NbT6g0T+WDGWcYJnQgecwZNVa699z LXrXmud4cZJX4BalBgWav+tXtpyxPUBomqNYd38tMOKHKcCZwWunmGjPKRnSAHUslTVCHk /mpU3JmlT6JU2VLGjJXf09MaKL1OIlsZ0LNUC97M/E/r5ObuB5OuMxyg5ItFsW5ICYls79J nytkRowtoUxxeythQ6ooMzadig3BX355lQQX7rXr3V3WGvUijTKcwCmcgw9X0IBbaEIADA bwDK/w5gjnxXl3PhatJaeYOYY/cD5/AMLvjPM=</latexit>
0.5
<latexit sha1_base 64="p/oUx3/NFDrPgbNnZ8Tzrgqtd58=">AA AB6XicbVBNS8NAEJ34WetX1aOXxSJ4Coko1 lvBi8eKxhbaUDbbSbt0swm7G6GU/gQvHlS8+ o+8+W/ctjlo64OBx3szzMyLMsG18bxvZ2V1b X1js7RV3t7Z3duvHBw+6jRXDAOWilS1IqpR cImB4UZgK1NIk0hgMxreTP3mEyrNU/lgRhmG Ce1LHnNGjZXuPfeyW6l6rjcDWSZ+QapQoNG tfHV6KcsTlIYJqnXb9zITjqkynAmclDu5xoy yIe1j21JJE9TheHbqhJxapUfiVNmShszU3x Njmmg9SiLbmVAz0IveVPzPa+cmroVjLrPcoG TzRXEuiEnJ9G/S4wqZESNLKFPc3krYgCrKj E2nbEPwF19eJsG5e+16dxfVeq1IowTHcAJn4 MMV1OEWGhAAgz48wyu8OcJ5cd6dj3nrilPMH MEfOJ8/xHKM9A==</latexit><latexit sha1_base 64="p/oUx3/NFDrPgbNnZ8Tzrgqtd58=">AA AB6XicbVBNS8NAEJ34WetX1aOXxSJ4Coko1 lvBi8eKxhbaUDbbSbt0swm7G6GU/gQvHlS8+ o+8+W/ctjlo64OBx3szzMyLMsG18bxvZ2V1b X1js7RV3t7Z3duvHBw+6jRXDAOWilS1IqpR cImB4UZgK1NIk0hgMxreTP3mEyrNU/lgRhmG Ce1LHnNGjZXuPfeyW6l6rjcDWSZ+QapQoNG tfHV6KcsTlIYJqnXb9zITjqkynAmclDu5xoy yIe1j21JJE9TheHbqhJxapUfiVNmShszU3x Njmmg9SiLbmVAz0IveVPzPa+cmroVjLrPcoG TzRXEuiEnJ9G/S4wqZESNLKFPc3krYgCrKj E2nbEPwF19eJsG5e+16dxfVeq1IowTHcAJn4 MMV1OEWGhAAgz48wyu8OcJ5cd6dj3nrilPMH MEfOJ8/xHKM9A==</latexit><latexit sha1_base 64="p/oUx3/NFDrPgbNnZ8Tzrgqtd58=">AA AB6XicbVBNS8NAEJ34WetX1aOXxSJ4Coko1 lvBi8eKxhbaUDbbSbt0swm7G6GU/gQvHlS8+ o+8+W/ctjlo64OBx3szzMyLMsG18bxvZ2V1b X1js7RV3t7Z3duvHBw+6jRXDAOWilS1IqpR cImB4UZgK1NIk0hgMxreTP3mEyrNU/lgRhmG Ce1LHnNGjZXuPfeyW6l6rjcDWSZ+QapQoNG tfHV6KcsTlIYJqnXb9zITjqkynAmclDu5xoy yIe1j21JJE9TheHbqhJxapUfiVNmShszU3x Njmmg9SiLbmVAz0IveVPzPa+cmroVjLrPcoG TzRXEuiEnJ9G/S4wqZESNLKFPc3krYgCrKj E2nbEPwF19eJsG5e+16dxfVeq1IowTHcAJn4 MMV1OEWGhAAgz48wyu8OcJ5cd6dj3nrilPMH MEfOJ8/xHKM9A==</latexit>
1.0
<latexit sha1_base 64="ngZSrVdmLPa8BNGl7IS5nvmgwgg="> AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0 hEsN4KXjxWNLbQhrLZbtqlm03YnQil9Cd48 aDi1X/kzX/jts1BWx8MPN6bYWZelElh0PO +ndLa+sbmVnm7srO7t39QPTx6NGmuGQ9YK lPdjqjhUigeoEDJ25nmNIkkb0Wjm5nfeuLa iFQ94DjjYUIHSsSCUbTSve96vWrNc705yC rxC1KDAs1e9avbT1mecIVMUmM6vpdhOKEa BZN8WunmhmeUjeiAdyxVNOEmnMxPnZIzq/R JnGpbCslc/T0xoYkx4ySynQnFoVn2ZuJ/X ifHuB5OhMpy5IotFsW5JJiS2d+kLzRnKMe WUKaFvZWwIdWUoU2nYkPwl19eJcGFe+16d5 e1Rr1IowwncArn4MMVNOAWmhAAgwE8wyu8 OdJ5cd6dj0VrySlmjuEPnM8fvmiM8A==</ latexit><latexit sha1_base 64="ngZSrVdmLPa8BNGl7IS5nvmgwgg="> AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0 hEsN4KXjxWNLbQhrLZbtqlm03YnQil9Cd48 aDi1X/kzX/jts1BWx8MPN6bYWZelElh0PO +ndLa+sbmVnm7srO7t39QPTx6NGmuGQ9YK lPdjqjhUigeoEDJ25nmNIkkb0Wjm5nfeuLa iFQ94DjjYUIHSsSCUbTSve96vWrNc705yC rxC1KDAs1e9avbT1mecIVMUmM6vpdhOKEa BZN8WunmhmeUjeiAdyxVNOEmnMxPnZIzq/R JnGpbCslc/T0xoYkx4ySynQnFoVn2ZuJ/X ifHuB5OhMpy5IotFsW5JJiS2d+kLzRnKMe WUKaFvZWwIdWUoU2nYkPwl19eJcGFe+16d5 e1Rr1IowwncArn4MMVNOAWmhAAgwE8wyu8 OdJ5cd6dj0VrySlmjuEPnM8fvmiM8A==</ latexit><latexit sha1_base 64="ngZSrVdmLPa8BNGl7IS5nvmgwgg="> AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0 hEsN4KXjxWNLbQhrLZbtqlm03YnQil9Cd48 aDi1X/kzX/jts1BWx8MPN6bYWZelElh0PO +ndLa+sbmVnm7srO7t39QPTx6NGmuGQ9YK lPdjqjhUigeoEDJ25nmNIkkb0Wjm5nfeuLa iFQ94DjjYUIHSsSCUbTSve96vWrNc705yC rxC1KDAs1e9avbT1mecIVMUmM6vpdhOKEa BZN8WunmhmeUjeiAdyxVNOEmnMxPnZIzq/R JnGpbCslc/T0xoYkx4ySynQnFoVn2ZuJ/X ifHuB5OhMpy5IotFsW5JJiS2d+kLzRnKMe WUKaFvZWwIdWUoU2nYkPwl19eJcGFe+16d5 e1Rr1IowwncArn4MMVNOAWmhAAgwE8wyu8 OdJ5cd6dj0VrySlmjuEPnM8fvmiM8A==</ latexit>
1.5
<latexit sha1_base 64="yZgoUHuGQmfW/S3Xw8YkfY+vzLE="> AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4Co ko1lvBi8eKxhbaUDbbSbt0swm7G6GU/gQvH lS8+o+8+W/ctjlo64OBx3szzMyLMsG18bx vZ2V1bX1js7RV3t7Z3duvHBw+6jRXDAOWi lS1IqpRcImB4UZgK1NIk0hgMxreTP3mEyrN U/lgRhmGCe1LHnNGjZXuffeyW6l6rjcDWS Z+QapQoNGtfHV6KcsTlIYJqnXb9zITjqky nAmclDu5xoyyIe1j21JJE9TheHbqhJxapUf iVNmShszU3xNjmmg9SiLbmVAz0IveVPzPa +cmroVjLrPcoGTzRXEuiEnJ9G/S4wqZESN LKFPc3krYgCrKjE2nbEPwF19eJsG5e+16dx fVeq1IowTHcAJn4MMV1OEWGhAAgz48wyu8 OcJ5cd6dj3nrilPMHMEfOJ8/xfeM9Q==</ latexit><latexit sha1_base 64="yZgoUHuGQmfW/S3Xw8YkfY+vzLE="> AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4Co ko1lvBi8eKxhbaUDbbSbt0swm7G6GU/gQvH lS8+o+8+W/ctjlo64OBx3szzMyLMsG18bx vZ2V1bX1js7RV3t7Z3duvHBw+6jRXDAOWi lS1IqpRcImB4UZgK1NIk0hgMxreTP3mEyrN U/lgRhmGCe1LHnNGjZXuffeyW6l6rjcDWS Z+QapQoNGtfHV6KcsTlIYJqnXb9zITjqky nAmclDu5xoyyIe1j21JJE9TheHbqhJxapUf iVNmShszU3xNjmmg9SiLbmVAz0IveVPzPa +cmroVjLrPcoGTzRXEuiEnJ9G/S4wqZESN LKFPc3krYgCrKjE2nbEPwF19eJsG5e+16dx fVeq1IowTHcAJn4MMV1OEWGhAAgz48wyu8 OcJ5cd6dj3nrilPMHMEfOJ8/xfeM9Q==</ latexit><latexit sha1_base 64="yZgoUHuGQmfW/S3Xw8YkfY+vzLE="> AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4Co ko1lvBi8eKxhbaUDbbSbt0swm7G6GU/gQvH lS8+o+8+W/ctjlo64OBx3szzMyLMsG18bx vZ2V1bX1js7RV3t7Z3duvHBw+6jRXDAOWi lS1IqpRcImB4UZgK1NIk0hgMxreTP3mEyrN U/lgRhmGCe1LHnNGjZXuffeyW6l6rjcDWS Z+QapQoNGtfHV6KcsTlIYJqnXb9zITjqky nAmclDu5xoyyIe1j21JJE9TheHbqhJxapUf iVNmShszU3xNjmmg9SiLbmVAz0IveVPzPa +cmroVjLrPcoGTzRXEuiEnJ9G/S4wqZESN LKFPc3krYgCrKjE2nbEPwF19eJsG5e+16dx fVeq1IowTHcAJn4MMV1OEWGhAAgz48wyu8 OcJ5cd6dj3nrilPMHMEfOJ8/xfeM9Q==</ latexit>
Im[ ]/ 
<latexit sha1_base64="fyYsQuN7rAfa57 rklUpmOdiI3/Y=">AAACAXicbVBNS8NAFNzUr1q/qp7ES7AInmoqgvVW8KDeKlhbaEJ52W zbpbtJ2H0RSyhe/CtePKh49V9489+4bXPQ1oGFYeYNb9/4seAaHefbyi0sLi2v5FcLa+sb m1vF7Z07HSWKsgaNRKRaPmgmeMgayFGwVqwYSF+wpj+4GPvNe6Y0j8JbHMbMk9ALeZdTQC N1insusgdMr+Wo7QoTC8A7di9BSugUS07ZmcCeJ5WMlEiGeqf45QYRTSQLkQrQul1xYvRS UMipYKOCm2gWAx1Aj7UNDUEy7aWTE0b2oVECuxsp80K0J+rvRApS66H0zaQE7OtZbyz+57U T7Fa9lIdxgiyk00XdRNgY2eM+7IArRlEMDQGquPmrTfuggKJprWBKqMyePE8aJ+XzsnNzW qpVszbyZJ8ckCNSIWekRq5InTQIJY/kmbySN+vJerHerY/paM7KMrvkD6zPH62glyA=</l atexit><latexit sha1_base64="fyYsQuN7rAfa57 rklUpmOdiI3/Y=">AAACAXicbVBNS8NAFNzUr1q/qp7ES7AInmoqgvVW8KDeKlhbaEJ52W zbpbtJ2H0RSyhe/CtePKh49V9489+4bXPQ1oGFYeYNb9/4seAaHefbyi0sLi2v5FcLa+sb m1vF7Z07HSWKsgaNRKRaPmgmeMgayFGwVqwYSF+wpj+4GPvNe6Y0j8JbHMbMk9ALeZdTQC N1insusgdMr+Wo7QoTC8A7di9BSugUS07ZmcCeJ5WMlEiGeqf45QYRTSQLkQrQul1xYvRS UMipYKOCm2gWAx1Aj7UNDUEy7aWTE0b2oVECuxsp80K0J+rvRApS66H0zaQE7OtZbyz+57U T7Fa9lIdxgiyk00XdRNgY2eM+7IArRlEMDQGquPmrTfuggKJprWBKqMyePE8aJ+XzsnNzW qpVszbyZJ8ckCNSIWekRq5InTQIJY/kmbySN+vJerHerY/paM7KMrvkD6zPH62glyA=</l atexit><latexit sha1_base64="fyYsQuN7rAfa57 rklUpmOdiI3/Y=">AAACAXicbVBNS8NAFNzUr1q/qp7ES7AInmoqgvVW8KDeKlhbaEJ52W zbpbtJ2H0RSyhe/CtePKh49V9489+4bXPQ1oGFYeYNb9/4seAaHefbyi0sLi2v5FcLa+sb m1vF7Z07HSWKsgaNRKRaPmgmeMgayFGwVqwYSF+wpj+4GPvNe6Y0j8JbHMbMk9ALeZdTQC N1insusgdMr+Wo7QoTC8A7di9BSugUS07ZmcCeJ5WMlEiGeqf45QYRTSQLkQrQul1xYvRS UMipYKOCm2gWAx1Aj7UNDUEy7aWTE0b2oVECuxsp80K0J+rvRApS66H0zaQE7OtZbyz+57U T7Fa9lIdxgiyk00XdRNgY2eM+7IArRlEMDQGquPmrTfuggKJprWBKqMyePE8aJ+XzsnNzW qpVszbyZJ8ckCNSIWekRq5InTQIJY/kmbySN+vJerHerY/paM7KMrvkD6zPH62glyA=</l atexit>
Im[ ]/ 
<latexit sha1_base 64="fyYsQuN7rAfa57rklUpmOdiI3/Y=">A AACAXicbVBNS8NAFNzUr1q/qp7ES7AInmoq gvVW8KDeKlhbaEJ52WzbpbtJ2H0RSyhe/Ct ePKh49V9489+4bXPQ1oGFYeYNb9/4seAaHe fbyi0sLi2v5FcLa+sbm1vF7Z07HSWKsgaNRK RaPmgmeMgayFGwVqwYSF+wpj+4GPvNe6Y0j 8JbHMbMk9ALeZdTQCN1insusgdMr+Wo7QoT C8A7di9BSugUS07ZmcCeJ5WMlEiGeqf45QY RTSQLkQrQul1xYvRSUMipYKOCm2gWAx1Aj7 UNDUEy7aWTE0b2oVECuxsp80K0J+rvRApS6 6H0zaQE7OtZbyz+57UT7Fa9lIdxgiyk00Xd RNgY2eM+7IArRlEMDQGquPmrTfuggKJprWB KqMyePE8aJ+XzsnNzWqpVszbyZJ8ckCNSIW ekRq5InTQIJY/kmbySN+vJerHerY/paM7KMr vkD6zPH62glyA=</latexit><latexit sha1_base 64="fyYsQuN7rAfa57rklUpmOdiI3/Y=">A AACAXicbVBNS8NAFNzUr1q/qp7ES7AInmoq gvVW8KDeKlhbaEJ52WzbpbtJ2H0RSyhe/Ct ePKh49V9489+4bXPQ1oGFYeYNb9/4seAaHe fbyi0sLi2v5FcLa+sbm1vF7Z07HSWKsgaNRK RaPmgmeMgayFGwVqwYSF+wpj+4GPvNe6Y0j 8JbHMbMk9ALeZdTQCN1insusgdMr+Wo7QoT C8A7di9BSugUS07ZmcCeJ5WMlEiGeqf45QY RTSQLkQrQul1xYvRSUMipYKOCm2gWAx1Aj7 UNDUEy7aWTE0b2oVECuxsp80K0J+rvRApS6 6H0zaQE7OtZbyz+57UT7Fa9lIdxgiyk00Xd RNgY2eM+7IArRlEMDQGquPmrTfuggKJprWB KqMyePE8aJ+XzsnNzWqpVszbyZJ8ckCNSIW ekRq5InTQIJY/kmbySN+vJerHerY/paM7KMr vkD6zPH62glyA=</latexit><latexit sha1_base 64="fyYsQuN7rAfa57rklUpmOdiI3/Y=">A AACAXicbVBNS8NAFNzUr1q/qp7ES7AInmoq gvVW8KDeKlhbaEJ52WzbpbtJ2H0RSyhe/Ct ePKh49V9489+4bXPQ1oGFYeYNb9/4seAaHe fbyi0sLi2v5FcLa+sbm1vF7Z07HSWKsgaNRK RaPmgmeMgayFGwVqwYSF+wpj+4GPvNe6Y0j 8JbHMbMk9ALeZdTQCN1insusgdMr+Wo7QoT C8A7di9BSugUS07ZmcCeJ5WMlEiGeqf45QY RTSQLkQrQul1xYvRSUMipYKOCm2gWAx1Aj7 UNDUEy7aWTE0b2oVECuxsp80K0J+rvRApS6 6H0zaQE7OtZbyz+57UT7Fa9lIdxgiyk00Xd RNgY2eM+7IArRlEMDQGquPmrTfuggKJprWB KqMyePE8aJ+XzsnNzWqpVszbyZJ8ckCNSIW ekRq5InTQIJY/kmbySN+vJerHerY/paM7KMr vkD6zPH62glyA=</latexit>
 R
e[
 
]/
 
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Figure 2. (a) Single-level quantum dot system, where the
transport statistics are measured between dot and right reser-
voir. The bias and energy configuration correspond to the
point marked with a square in Fig. 3a, where the transport is
trivial. (b) The same quantum dot system, however in a dif-
ferent configuration, marked by a triangle in Fig. 3a, where
the transport is in the topological phase. (c) and (d) Pro-
jection of the complex eigenspectrum of W (χ), see Eq. (12),
for the same parameters as in Fig. 3a, at the square point
µL −  = kBT and µR −  = 0 (c) and at the triangle point
µL −  = kBT and µR −  = −2kBT (d). In (d) the spectrum
is braided in such a way, that the two eigenvalues have a 4pi-
periodicy, corresponding to a charge e/2. The solid points
indicate the eigenvalues for χ = 0.
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Figure 3. The different topological phases of transport
through the single-level quantum dot, with the correspond-
ing fractional charge for various parameters, as a function of
µL −  and µR − . Red areas correspond to fractional charge
e∗0 = e/2. The tunneling asymmetry is different for the two
panels, ΓL/Γ = 0.6 for (a) and ΓL/Γ = 0.8 (b), respectively.
function through a Taylor series c(χ) =
∑
k(iχ/e)
kCk/k!
and performing the analytic continuation, he must come
to the conclusion that a physical fractional charge of e/2
is present. He simply performs a Fourier analysis back
from χ to charge space, and he will thus find that the sys-
tem should be described by a charge operator with non-
integer eigenvalues. This latter nonphysical finding is due
a subtle issue concerning the order of limits. Namely, the
convergence of the cumulant generating function for finite
χ depends on how long one really measures, and to how
many orders one sums up the cumulants. The fractional
charge would become physical when the limit τ → ∞ is
taken first. This result may to some extent be considered
unproblematic in this limit, since the number of charges
transported in this limit is infinite. However, in reality
of course, no experiment goes on forever, which means
that this result has to be interpreted with care. Thus,
we can clearly see now the importance of the explicit
presence of a detector: it resolves this issue also in the
limit τ → ∞, and reinstates charge quantization for all
times τ . Namely, it is the 2pi-periodicity of W (χ) which
ensures the correct global properties of m.
We now relate this result to one example of FCS in
strongly correlated transport. In Ref. [14], the authors
study the transport through a 1D nanowire with an inter-
acting region. In the limit where the measurement time
τ is short with respect to the plasmon time-of flight, but
long with respect to inverse energy scale given by the
quasiparticle distributions, they find for the cumulant
generating function,
c(χ) =
∞∑
l=0
ˆ
d
2pi
{
ln
[
1 +
(
eiχe
∗
l − 1
)
nL ()
]
+ ln
[
1 +
(
e−iχe
∗
l − 1
)
nR ()
]}
,
(15)
where the transport is a sum of left (L) and right movers
(R), with their corresponding occupation number nL,R,
which are split into quasiparticles with fractional charges
e∗l . Unlike the FCS in a single-level quantum dot, there is
an additional sum over energies, since there are no local-
ized levels, and instead a continuum of energy channels
is available. Therefore, to make above result more re-
latable to our quantum dot system, let us consider the
contribution of just one energy channel, . In addition,
let us assume a small quasiparticle occupation for this
particular energy nα() 1, where
c(χ) ≈
∞∑
l=0
{(
eiχe
∗
l − 1
)
nL () +
(
e−iχe
∗
l − 1
)
nR ()
}
,
(16)
that is, we recover a sum of Poissonian transport events
with different charges e∗l . As we will see in a moment, we
can find an expression of the same structure for sequen-
tial electron transport in a particular limit, see Eq. (17).
The moment generating function m(χ) = eτc(χ), with
c given in Eq. (16), is manifestly not 2pi-periodic in χ,
violating charge quantization, thus presenting a similar
issue as the one in sequential tunneling. In Ref. [14], the
authors notice the violation of charge quantization, and
assert that is a consequence of neglecting charge fluctu-
ations on the length scale of the Fermi wave length (re-
ferring to [24]). If transport is measured across a sharp
interface, the moment generating function is, according
to [14], only correct for −pi < χ < pi, and then has to
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be continued periodically. This forced periodicity comes,
just like in our example of conventional sequential elec-
tron tunneling, at the expense of discontinuities in m at
χ = ±pi. As we see, when considering the FCS, the frac-
tional charge is again not an exact property, but a prop-
erty of the analytic continuation of the moment generat-
ing function. This is a striking analogy of the transport
statistics of two extremely different systems. The only
difference concerns the values of the fractional charges.
Namely, the charges in Luttinger liquid physics, e∗l , can
in general be irrational. The actual expressions for e∗l de-
pend on the details of the system [14]. We refrain from
discussing them in detail, as this is not the focus of our
work.
At this point, we note that in Ref. [81] the idea of frac-
tional charges in sequential tunneling has already been
briefly coined in passing. In that reference, the authors
consider similarly the FCS of single-electron transistors,
and find in a special limit the result
c(χ) = γ
(
eiχ/2 − 1
)
, (17)
which looks obviously like the Poissonian statistics of a
e/2 particle. We can recover the same result in Eq. (12),
when setting the tunneling rates to σΓL = ΓR = γ, and
the reservoir occupations to fL = 1 and fR = 0 (that
is, for a very strong bias). In Ref. [81], the authors like-
wise discarded this fractionalization as unphysical, argu-
ing that single electron transistors “do not chop electrons
in half”. However, as we already insisted upon in the in-
troduction, the same is true for strongly correlated sys-
tems: electrons can very generally not be split in a literal
physical sense, and it is paramount that the moment gen-
erating function retain its 2pi-periodicity. Secondly, and
very importantly, in Ref. [81] the fundamental connection
between fractional charges and braid phase transitions
has not been considered. The occurrence of fractional
charges is not some freak coincidence for very special
chosen parameters, but is a stable topologically protected
property occurring in a large, connected parameter sub-
space. Moreover, the question is not whether a certain
physical effect, be it topological transitions in the FCS,
or strong quantum correlations in Luttinger liquids, lit-
erally produces fractional charges - neither of them do.
The question is, whether the nature of fractional charges
occurring in strongly correlated systems differ from the
ones occurring in conventional sequential electron tunnel-
ing. We here conclude, that on the level of the transport
statistics in a long measurement time regime, we find no
qualitative features to tell them appart. In the next sec-
tion, Sec. II C, we strongly generalize this statement. In
fact, we will provide a concrete argument allowing for
the interpretation of all the eigenmodes of the system-
detector dynamics (i.e., not only the stationary mode λ0)
in terms of fractional charges.
2. Quantum dots in series
However, before embarking on a general interpretation
of higher modes as fractional charges, let us briefly intro-
duce a system which actually produces nontrivial decay-
ing modes. For this purpose, we consider a quantum dot
system with more than a single level. For the previous
example, we only had only two available states (empty
and filled). This naturally limits the number of differ-
ent topological phases we can observe. For one, we can-
not observe a fractional charge of more than 1/2, due to
only having 2 states. For another, we cannot hope to see
topological transitions that do not involve the stationary
state. For the more complicated model presented now we
will see a much richer topological phase diagram. Among
others, we will find a phase with a e/3-charge stationary
mode. Secondly, another phase with a trivial station-
ary mode and a topological decaying mode will emerge,
the understanding of which will require the more general
interpretation brought forth subsequently, in Sec. II C.
We consider two quantum dots in series, see Fig. 4a.
We assume that again the individual dots have very high
charging energies, and that the gates are tuned such that
only the transitions between the three charge states |00〉,
|10〉, and |01〉 (i.e., zero extra charges, or a left or right
extra charge) are available. As for the charge exchange
between the two dots, we focus on a regime where the
interdot transport is dominated by an inelastic, incoher-
ent process. For the full Hamiltonian description of this
model, consult Sec. S1.2 in [67].
We may thus capture the dynamics again by means of
a fully diagonal density matrix, with the vector of prob-
abilities |P ) = (P00, P10, P01), and through the kernel
W (χ) = WL +WLR + e
iχn̂RWRe
−iχn̂R , (18)
with n̂L = diag [(0, 1, 0)] and n̂R = diag [(0, 0, 1)]. The
matrices
WL =
 −σΓLfL ΓL [1− fL] 0σΓLfL −ΓL [1− fL] 0
0 0 0

WR =
 −σΓRfR 0 ΓR [1− fR]0 0 0
σΓRfR 0 −ΓR [1− fR]
 ,
account for the sequential tunneling to and from the
contacts, where the Fermi functions are now fL,R =
1/
(
1 + eβ[L,R−µL,R]
)
. The matrix
WLR =
 0 0 00 −γR→L γL→R
0 γR→L −γL→R
 , (19)
accounts for the tunneling between the two dots. The
specific shape of γL→R, γR→L will depend on the de-
tails of the mechanism mediating the interdot tunnel-
ing process, e.g., through electron-phonon mediated tun-
neling [82, 83]. For the sake of simplicity, we assume
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0.2
<latexit sha1_base64="mXKT9kZBMhVjis2Cl1oi4FdtLN8=">AAAB6XicbVBNS8N AEJ34WetX1aOXxSJ4CkkRrLeCF48VjS20oWy2k3bpZhN2N0Ip/QlePKh49R9589+4bXPQ1gcDj/dmmJkXZYJr43nfztr6xubWdmmnvLu3f3BYOTp+1GmuGAYsFalqR1Sj4BIDw 43AdqaQJpHAVjS6mfmtJ1Sap/LBjDMMEzqQPOaMGivde26tV6l6rjcHWSV+QapQoNmrfHX7KcsTlIYJqnXH9zITTqgynAmclru5xoyyER1gx1JJE9ThZH7qlJxbpU/iVNmShs zV3xMTmmg9TiLbmVAz1MveTPzP6+QmrocTLrPcoGSLRXEuiEnJ7G/S5wqZEWNLKFPc3krYkCrKjE2nbEPwl19eJUHNvXa9u8tqo16kUYJTOIML8OEKGnALTQiAwQCe4RXeHOG8 OO/Ox6J1zSlmTuAPnM8fv+mM8Q==</latexit><latexit sha1_base64="mXKT9kZBMhVjis2Cl1oi4FdtLN8=">AAAB6XicbVBNS8N AEJ34WetX1aOXxSJ4CkkRrLeCF48VjS20oWy2k3bpZhN2N0Ip/QlePKh49R9589+4bXPQ1gcDj/dmmJkXZYJr43nfztr6xubWdmmnvLu3f3BYOTp+1GmuGAYsFalqR1Sj4BIDw 43AdqaQJpHAVjS6mfmtJ1Sap/LBjDMMEzqQPOaMGivde26tV6l6rjcHWSV+QapQoNmrfHX7KcsTlIYJqnXH9zITTqgynAmclru5xoyyER1gx1JJE9ThZH7qlJxbpU/iVNmShs zV3xMTmmg9TiLbmVAz1MveTPzP6+QmrocTLrPcoGSLRXEuiEnJ7G/S5wqZEWNLKFPc3krYkCrKjE2nbEPwl19eJUHNvXa9u8tqo16kUYJTOIML8OEKGnALTQiAwQCe4RXeHOG8 OO/Ox6J1zSlmTuAPnM8fv+mM8Q==</latexit><latexit sha1_base64="mXKT9kZBMhVjis2Cl1oi4FdtLN8=">AAAB6XicbVBNS8N AEJ34WetX1aOXxSJ4CkkRrLeCF48VjS20oWy2k3bpZhN2N0Ip/QlePKh49R9589+4bXPQ1gcDj/dmmJkXZYJr43nfztr6xubWdmmnvLu3f3BYOTp+1GmuGAYsFalqR1Sj4BIDw 43AdqaQJpHAVjS6mfmtJ1Sap/LBjDMMEzqQPOaMGivde26tV6l6rjcHWSV+QapQoNmrfHX7KcsTlIYJqnXH9zITTqgynAmclru5xoyyER1gx1JJE9ThZH7qlJxbpU/iVNmShs zV3xMTmmg9TiLbmVAz1MveTPzP6+QmrocTLrPcoGSLRXEuiEnJ7G/S5wqZEWNLKFPc3krYkCrKjE2nbEPwl19eJUHNvXa9u8tqo16kUYJTOIML8OEKGnALTQiAwQCe4RXeHOG8 OO/Ox6J1zSlmTuAPnM8fv+mM8Q==</latexit>
0.0
<latexit sha1_base64="hq8jJjpGVY c1VOxtdAWgQ6BoavA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjx WNLbQhrLZbtqlm03YnQgl9Cd48aDi1X/kzX/jts1BWx/s8nhvhpl5YSqFQdf9dkp r6xubW+Xtys7u3v5B9fDo0SSZZtxniUx0J6SGS6G4jwIl76Sa0ziUvB2Ob2Z++4 lrIxL1gJOUBzEdKhEJRtFK927d7Vdr9p+DrBKvIDUo0OpXv3qDhGUxV8gkNabru SkGOdUomOTTSi8zPKVsTIe8a6miMTdBPl91Ss6sMiBRou1TSObq746cxsZM4tBWx hRHZtmbif953QyjRpALlWbIFVsMijJJMCGzu8lAaM5QTiyhTAu7K2EjqilDm07F huAtn7xK/Iv6dd29u6w1G0UaZTiBUzgHD66gCbfQAh8YDOEZXuHNkc6L8+58LEp LTtFzDH/gfP4AvOOM7w==</latexit><latexit sha1_base64="hq8jJjpGVY c1VOxtdAWgQ6BoavA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjx WNLbQhrLZbtqlm03YnQgl9Cd48aDi1X/kzX/jts1BWx/s8nhvhpl5YSqFQdf9dkp r6xubW+Xtys7u3v5B9fDo0SSZZtxniUx0J6SGS6G4jwIl76Sa0ziUvB2Ob2Z++4 lrIxL1gJOUBzEdKhEJRtFK927d7Vdr9p+DrBKvIDUo0OpXv3qDhGUxV8gkNabru SkGOdUomOTTSi8zPKVsTIe8a6miMTdBPl91Ss6sMiBRou1TSObq746cxsZM4tBWx hRHZtmbif953QyjRpALlWbIFVsMijJJMCGzu8lAaM5QTiyhTAu7K2EjqilDm07F huAtn7xK/Iv6dd29u6w1G0UaZTiBUzgHD66gCbfQAh8YDOEZXuHNkc6L8+58LEp LTtFzDH/gfP4AvOOM7w==</latexit><latexit sha1_base64="hq8jJjpGVY c1VOxtdAWgQ6BoavA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjx WNLbQhrLZbtqlm03YnQgl9Cd48aDi1X/kzX/jts1BWx/s8nhvhpl5YSqFQdf9dkp r6xubW+Xtys7u3v5B9fDo0SSZZtxniUx0J6SGS6G4jwIl76Sa0ziUvB2Ob2Z++4 lrIxL1gJOUBzEdKhEJRtFK927d7Vdr9p+DrBKvIDUo0OpXv3qDhGUxV8gkNabru SkGOdUomOTTSi8zPKVsTIe8a6miMTdBPl91Ss6sMiBRou1TSObq746cxsZM4tBWx hRHZtmbif953QyjRpALlWbIFVsMijJJMCGzu8lAaM5QTiyhTAu7K2EjqilDm07F huAtn7xK/Iv6dd29u6w1G0UaZTiBUzgHD66gCbfQAh8YDOEZXuHNkc6L8+58LEp LTtFzDH/gfP4AvOOM7w==</latexit>
0.2
<latexit sha1_base64="mXKT9kZBMhVj is2Cl1oi4FdtLN8=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4CkkRrLeCF48VjS20o Wy2k3bpZhN2N0Ip/QlePKh49R9589+4bXPQ1gcDj/dmmJkXZYJr43nfztr6xubWdmm nvLu3f3BYOTp+1GmuGAYsFalqR1Sj4BIDw43AdqaQJpHAVjS6mfmtJ1Sap/LBjDMMEz qQPOaMGivde26tV6l6rjcHWSV+QapQoNmrfHX7KcsTlIYJqnXH9zITTqgynAmclru5x oyyER1gx1JJE9ThZH7qlJxbpU/iVNmShszV3xMTmmg9TiLbmVAz1MveTPzP6+QmrocT LrPcoGSLRXEuiEnJ7G/S5wqZEWNLKFPc3krYkCrKjE2nbEPwl19eJUHNvXa9u8tqo1 6kUYJTOIML8OEKGnALTQiAwQCe4RXeHOG8OO/Ox6J1zSlmTuAPnM8fv+mM8Q==</lat exit><latexit sha1_base64="mXKT9kZBMhVj is2Cl1oi4FdtLN8=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4CkkRrLeCF48VjS20o Wy2k3bpZhN2N0Ip/QlePKh49R9589+4bXPQ1gcDj/dmmJkXZYJr43nfztr6xubWdmm nvLu3f3BYOTp+1GmuGAYsFalqR1Sj4BIDw43AdqaQJpHAVjS6mfmtJ1Sap/LBjDMMEz qQPOaMGivde26tV6l6rjcHWSV+QapQoNmrfHX7KcsTlIYJqnXH9zITTqgynAmclru5x oyyER1gx1JJE9ThZH7qlJxbpU/iVNmShszV3xMTmmg9TiLbmVAz1MveTPzP6+QmrocT LrPcoGSLRXEuiEnJ7G/S5wqZEWNLKFPc3krYkCrKjE2nbEPwl19eJUHNvXa9u8tqo1 6kUYJTOIML8OEKGnALTQiAwQCe4RXeHOG8OO/Ox6J1zSlmTuAPnM8fv+mM8Q==</lat exit><latexit sha1_base64="mXKT9kZBMhVj is2Cl1oi4FdtLN8=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4CkkRrLeCF48VjS20o Wy2k3bpZhN2N0Ip/QlePKh49R9589+4bXPQ1gcDj/dmmJkXZYJr43nfztr6xubWdmm nvLu3f3BYOTp+1GmuGAYsFalqR1Sj4BIDw43AdqaQJpHAVjS6mfmtJ1Sap/LBjDMMEz qQPOaMGivde26tV6l6rjcHWSV+QapQoNmrfHX7KcsTlIYJqnXH9zITTqgynAmclru5x oyyER1gx1JJE9ThZH7qlJxbpU/iVNmShszV3xMTmmg9TiLbmVAz1MveTPzP6+QmrocT LrPcoGSLRXEuiEnJ7G/S5wqZEWNLKFPc3krYkCrKjE2nbEPwl19eJUHNvXa9u8tqo1 6kUYJTOIML8OEKGnALTQiAwQCe4RXeHOG8OO/Ox6J1zSlmTuAPnM8fv+mM8Q==</lat exit>
0.4
<latexit sha1_base64="8yypWkJ5N8 X6tTwd7oJWJgHZ+Z8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEsN4KXjx WNLbQhrLZTtqlm03Y3Qil9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZelAmujed9O6W 19Y3NrfJ2ZWd3b/+genj0qNNcMQxYKlLVjqhGwSUGhhuB7UwhTSKBrWh0M/NbT6 g0T+WDGWcYJnQgecwZNVa699zLXrXmud4cZJX4BalBgWav+tXtpyxPUBomqNYd3 8tMOKHKcCZwWunmGjPKRnSAHUslTVCHk/mpU3JmlT6JU2VLGjJXf09MaKL1OIlsZ 0LNUC97M/E/r5ObuB5OuMxyg5ItFsW5ICYls79JnytkRowtoUxxeythQ6ooMzad ig3BX355lQQX7rXr3V3WGvUijTKcwCmcgw9X0IBbaEIADAbwDK/w5gjnxXl3Pha tJaeYOYY/cD5/AMLvjPM=</latexit><latexit sha1_base64="8yypWkJ5N8 X6tTwd7oJWJgHZ+Z8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEsN4KXjx WNLbQhrLZTtqlm03Y3Qil9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZelAmujed9O6W 19Y3NrfJ2ZWd3b/+genj0qNNcMQxYKlLVjqhGwSUGhhuB7UwhTSKBrWh0M/NbT6 g0T+WDGWcYJnQgecwZNVa699zLXrXmud4cZJX4BalBgWav+tXtpyxPUBomqNYd3 8tMOKHKcCZwWunmGjPKRnSAHUslTVCHk/mpU3JmlT6JU2VLGjJXf09MaKL1OIlsZ 0LNUC97M/E/r5ObuB5OuMxyg5ItFsW5ICYls79JnytkRowtoUxxeythQ6ooMzad ig3BX355lQQX7rXr3V3WGvUijTKcwCmcgw9X0IBbaEIADAbwDK/w5gjnxXl3Pha tJaeYOYY/cD5/AMLvjPM=</latexit><latexit sha1_base64="8yypWkJ5N8 X6tTwd7oJWJgHZ+Z8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEsN4KXjx WNLbQhrLZTtqlm03Y3Qil9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZelAmujed9O6W 19Y3NrfJ2ZWd3b/+genj0qNNcMQxYKlLVjqhGwSUGhhuB7UwhTSKBrWh0M/NbT6 g0T+WDGWcYJnQgecwZNVa699zLXrXmud4cZJX4BalBgWav+tXtpyxPUBomqNYd3 8tMOKHKcCZwWunmGjPKRnSAHUslTVCHk/mpU3JmlT6JU2VLGjJXf09MaKL1OIlsZ 0LNUC97M/E/r5ObuB5OuMxyg5ItFsW5ICYls79JnytkRowtoUxxeythQ6ooMzad ig3BX355lQQX7rXr3V3WGvUijTKcwCmcgw9X0IBbaEIADAbwDK/w5gjnxXl3Pha tJaeYOYY/cD5/AMLvjPM=</latexit>
0.6
<latexit sha1_base64="7vZ35Vwz// Qk6lEj2Ei1v/vC1Kc=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4ComI1lvBi8e KxhbaUDbbSbt0swm7G6GU/gQvHlS8+o+8+W/ctjlo64OBx3szzMyLMsG18bxvZ2V 1bX1js7RV3t7Z3duvHBw+6jRXDAOWilS1IqpRcImB4UZgK1NIk0hgMxreTP3mEy rNU/lgRhmGCe1LHnNGjZXuPfeyW6l6rjcDWSZ+QapQoNGtfHV6KcsTlIYJqnXb9 zITjqkynAmclDu5xoyyIe1j21JJE9TheHbqhJxapUfiVNmShszU3xNjmmg9SiLbm VAz0IveVPzPa+cmroVjLrPcoGTzRXEuiEnJ9G/S4wqZESNLKFPc3krYgCrKjE2n bEPwF19eJsG5e+16dxfVeq1IowTHcAJn4MMV1OEWGhAAgz48wyu8OcJ5cd6dj3n rilPMHMEfOJ8/xfWM9Q==</latexit><latexit sha1_base64="7vZ35Vwz// Qk6lEj2Ei1v/vC1Kc=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4ComI1lvBi8e KxhbaUDbbSbt0swm7G6GU/gQvHlS8+o+8+W/ctjlo64OBx3szzMyLMsG18bxvZ2V 1bX1js7RV3t7Z3duvHBw+6jRXDAOWilS1IqpRcImB4UZgK1NIk0hgMxreTP3mEy rNU/lgRhmGCe1LHnNGjZXuPfeyW6l6rjcDWSZ+QapQoNGtfHV6KcsTlIYJqnXb9 zITjqkynAmclDu5xoyyIe1j21JJE9TheHbqhJxapUfiVNmShszU3xNjmmg9SiLbm VAz0IveVPzPa+cmroVjLrPcoGTzRXEuiEnJ9G/S4wqZESNLKFPc3krYgCrKjE2n bEPwF19eJsG5e+16dxfVeq1IowTHcAJn4MMV1OEWGhAAgz48wyu8OcJ5cd6dj3n rilPMHMEfOJ8/xfWM9Q==</latexit><latexit sha1_base64="7vZ35Vwz// Qk6lEj2Ei1v/vC1Kc=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4ComI1lvBi8e KxhbaUDbbSbt0swm7G6GU/gQvHlS8+o+8+W/ctjlo64OBx3szzMyLMsG18bxvZ2V 1bX1js7RV3t7Z3duvHBw+6jRXDAOWilS1IqpRcImB4UZgK1NIk0hgMxreTP3mEy rNU/lgRhmGCe1LHnNGjZXuPfeyW6l6rjcDWSZ+QapQoNGtfHV6KcsTlIYJqnXb9 zITjqkynAmclDu5xoyyIe1j21JJE9TheHbqhJxapUfiVNmShszU3xNjmmg9SiLbm VAz0IveVPzPa+cmroVjLrPcoGTzRXEuiEnJ9G/S4wqZESNLKFPc3krYgCrKjE2n bEPwF19eJsG5e+16dxfVeq1IowTHcAJn4MMV1OEWGhAAgz48wyu8OcJ5cd6dj3n rilPMHMEfOJ8/xfWM9Q==</latexit>
0.8
<latexit sha1_base64="YDBLnBYswN OeWEYEq4Mh73rrJNI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEsN4KXjx WNLbQhrLZTtqlm03Y3Qil9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZelAmujed9O6W 19Y3NrfJ2ZWd3b/+genj0qNNcMQxYKlLVjqhGwSUGhhuB7UwhTSKBrWh0M/NbT6 g0T+WDGWcYJnQgecwZNVa699x6r1rzXG8Oskr8gtSgQLNX/er2U5YnKA0TVOuO7 2UmnFBlOBM4rXRzjRllIzrAjqWSJqjDyfzUKTmzSp/EqbIlDZmrvycmNNF6nES2M 6FmqJe9mfif18lNXA8nXGa5QckWi+JcEJOS2d+kzxUyI8aWUKa4vZWwIVWUGZtO xYbgL7+8SoIL99r17i5rjXqRRhlO4BTOwYcraMAtNCEABgN4hld4c4Tz4rw7H4v WklPMHMMfOJ8/yPuM9w==</latexit><latexit sha1_base64="YDBLnBYswN OeWEYEq4Mh73rrJNI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEsN4KXjx WNLbQhrLZTtqlm03Y3Qil9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZelAmujed9O6W 19Y3NrfJ2ZWd3b/+genj0qNNcMQxYKlLVjqhGwSUGhhuB7UwhTSKBrWh0M/NbT6 g0T+WDGWcYJnQgecwZNVa699x6r1rzXG8Oskr8gtSgQLNX/er2U5YnKA0TVOuO7 2UmnFBlOBM4rXRzjRllIzrAjqWSJqjDyfzUKTmzSp/EqbIlDZmrvycmNNF6nES2M 6FmqJe9mfif18lNXA8nXGa5QckWi+JcEJOS2d+kzxUyI8aWUKa4vZWwIVWUGZtO xYbgL7+8SoIL99r17i5rjXqRRhlO4BTOwYcraMAtNCEABgN4hld4c4Tz4rw7H4v WklPMHMMfOJ8/yPuM9w==</latexit><latexit sha1_base64="YDBLnBYswN OeWEYEq4Mh73rrJNI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEsN4KXjx WNLbQhrLZTtqlm03Y3Qil9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZelAmujed9O6W 19Y3NrfJ2ZWd3b/+genj0qNNcMQxYKlLVjqhGwSUGhhuB7UwhTSKBrWh0M/NbT6 g0T+WDGWcYJnQgecwZNVa699x6r1rzXG8Oskr8gtSgQLNX/er2U5YnKA0TVOuO7 2UmnFBlOBM4rXRzjRllIzrAjqWSJqjDyfzUKTmzSp/EqbIlDZmrvycmNNF6nES2M 6FmqJe9mfif18lNXA8nXGa5QckWi+JcEJOS2d+kzxUyI8aWUKa4vZWwIVWUGZtO xYbgL7+8SoIL99r17i5rjXqRRhlO4BTOwYcraMAtNCEABgN4hld4c4Tz4rw7H4v WklPMHMMfOJ8/yPuM9w==</latexit>
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 
<latexit sha1_base64="lGwRdMeY6xmGBAWuYlpu1k+JOC4=">AAACAnicbVBNS8NAFNz4bf2KetNLsAherKkI1lvBgx5VrBaSUF62r7q4m4TdF7GEghf/ihcPKl79Fd78N25rD1odWBhm3vD2TZxJYcj3P52x8YnJqemZ2dLc/MLikru8cmHSXHNs8FSmuhmDQSkSbJAgic1MI6hY4mV8c9j3L29RG5Em59TNMFJwlYiO4EBWarlr2yHhHRVn2AtCaXNtiHbCI1AKWm7Zr/gDeH9JdUjKbIiTlvsRtlOeK0yISzAmqPoZRQVoElxirxTmBjPgN3CFgaUJKDRRMbih521ape11Um1fQt5A/ZkoQBnTVbGdVEDXZtTri/95QU6dWlSIJMsJE/69qJNLj1KvX4jXFho5ya4lwLWwf/X4NWjgZGsr2RKqoyf/JY3dykHFP90r12vDNmbYOttgW6zK9lmdHbMT1mCc3bNH9sxenAfnyXl13r5Hx5xhZpX9gvP+BRzql1g=</latexit><latexit sha1_base64="lGwRdMeY6xmGBAWuYlpu1k+JOC4=">AAACAnicbVBNS8NAFNz4bf2KetNLsAherKkI1lvBgx5VrBaSUF62r7q4m4TdF7GEghf/ihcPKl79Fd78N25rD1odWBhm3vD2TZxJYcj3P52x8YnJqemZ2dLc/MLikru8cmHSXHNs8FSmuhmDQSkSbJAgic1MI6hY4mV8c9j3L29RG5Em59TNMFJwlYiO4EBWarlr2yHhHRVn2AtCaXNtiHbCI1AKWm7Zr/gDeH9JdUjKbIiTlvsRtlOeK0yISzAmqPoZRQVoElxirxTmBjPgN3CFgaUJKDRRMbih521ape11Um1fQt5A/ZkoQBnTVbGdVEDXZtTri/95QU6dWlSIJMsJE/69qJNLj1KvX4jXFho5ya4lwLWwf/X4NWjgZGsr2RKqoyf/JY3dykHFP90r12vDNmbYOttgW6zK9lmdHbMT1mCc3bNH9sxenAfnyXl13r5Hx5xhZpX9gvP+BRzql1g=</latexit><latexit sha1_base64="lGwRdMeY6xmGBAWuYlpu1k+JOC4=">AAACAnicbVBNS8NAFNz4bf2KetNLsAherKkI1lvBgx5VrBaSUF62r7q4m4TdF7GEghf/ihcPKl79Fd78N25rD1odWBhm3vD2TZxJYcj3P52x8YnJqemZ2dLc/MLikru8cmHSXHNs8FSmuhmDQSkSbJAgic1MI6hY4mV8c9j3L29RG5Em59TNMFJwlYiO4EBWarlr2yHhHRVn2AtCaXNtiHbCI1AKWm7Zr/gDeH9JdUjKbIiTlvsRtlOeK0yISzAmqPoZRQVoElxirxTmBjPgN3CFgaUJKDRRMbih521ape11Um1fQt5A/ZkoQBnTVbGdVEDXZtTri/95QU6dWlSIJMsJE/69qJNLj1KvX4jXFho5ya4lwLWwf/X4NWjgZGsr2RKqoyf/JY3dykHFP90r12vDNmbYOttgW6zK9lmdHbMT1mCc3bNH9sxenAfnyXl13r5Hx5xhZpX9gvP+BRzql1g=</latexit>
Im[ ]/ 
<latexit sha1_base64="fyYsQuN7rAf a57rklUpmOdiI3/Y=">AAACAXicbVBNS8NAFNzUr1q/qp7ES7AInmoqgvVW8KDeKlh baEJ52WzbpbtJ2H0RSyhe/CtePKh49V9489+4bXPQ1oGFYeYNb9/4seAaHefbyi0sL i2v5FcLa+sbm1vF7Z07HSWKsgaNRKRaPmgmeMgayFGwVqwYSF+wpj+4GPvNe6Y0j8J bHMbMk9ALeZdTQCN1insusgdMr+Wo7QoTC8A7di9BSugUS07ZmcCeJ5WMlEiGeqf45 QYRTSQLkQrQul1xYvRSUMipYKOCm2gWAx1Aj7UNDUEy7aWTE0b2oVECuxsp80K0J+r vRApS66H0zaQE7OtZbyz+57UT7Fa9lIdxgiyk00XdRNgY2eM+7IArRlEMDQGquPmrT fuggKJprWBKqMyePE8aJ+XzsnNzWqpVszbyZJ8ckCNSIWekRq5InTQIJY/kmbySN+v JerHerY/paM7KMrvkD6zPH62glyA=</latexit><latexit sha1_base64="fyYsQuN7rAf a57rklUpmOdiI3/Y=">AAACAXicbVBNS8NAFNzUr1q/qp7ES7AInmoqgvVW8KDeKlh baEJ52WzbpbtJ2H0RSyhe/CtePKh49V9489+4bXPQ1oGFYeYNb9/4seAaHefbyi0sL i2v5FcLa+sbm1vF7Z07HSWKsgaNRKRaPmgmeMgayFGwVqwYSF+wpj+4GPvNe6Y0j8J bHMbMk9ALeZdTQCN1insusgdMr+Wo7QoTC8A7di9BSugUS07ZmcCeJ5WMlEiGeqf45 QYRTSQLkQrQul1xYvRSUMipYKOCm2gWAx1Aj7UNDUEy7aWTE0b2oVECuxsp80K0J+r vRApS66H0zaQE7OtZbyz+57UT7Fa9lIdxgiyk00XdRNgY2eM+7IArRlEMDQGquPmrT fuggKJprWBKqMyePE8aJ+XzsnNzWqpVszbyZJ8ckCNSIWekRq5InTQIJY/kmbySN+v JerHerY/paM7KMrvkD6zPH62glyA=</latexit><latexit sha1_base64="fyYsQuN7rAf a57rklUpmOdiI3/Y=">AAACAXicbVBNS8NAFNzUr1q/qp7ES7AInmoqgvVW8KDeKlh baEJ52WzbpbtJ2H0RSyhe/CtePKh49V9489+4bXPQ1oGFYeYNb9/4seAaHefbyi0sL i2v5FcLa+sbm1vF7Z07HSWKsgaNRKRaPmgmeMgayFGwVqwYSF+wpj+4GPvNe6Y0j8J bHMbMk9ALeZdTQCN1insusgdMr+Wo7QoTC8A7di9BSugUS07ZmcCeJ5WMlEiGeqf45 QYRTSQLkQrQul1xYvRSUMipYKOCm2gWAx1Aj7UNDUEy7aWTE0b2oVECuxsp80K0J+r vRApS66H0zaQE7OtZbyz+57UT7Fa9lIdxgiyk00XdRNgY2eM+7IArRlEMDQGquPmrT fuggKJprWBKqMyePE8aJ+XzsnNzWqpVszbyZJ8ckCNSIWekRq5InTQIJY/kmbySN+v JerHerY/paM7KMrvkD6zPH62glyA=</latexit>
e/3
<latexit sha1_base64="CsOG/u7HXAgb QW5CCcEGSEjMFm4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU01VsN4KXjxWNLbQ hrLZTtqlm03Y3Qgl9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4WV1bX1je JmaWt7Z3evvH/wqONUMfRYLGLVDqhGwSV6hhuB7UQhjQKBrWB0M/VbT6g0j+WDGSfo R3QgecgZNVa6x7OLXrniVt0ZyDKp5aQCOZq98le3H7M0QmmYoFp3am5i/Iwqw5nASa mbakwoG9EBdiyVNELtZ7NTJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oas O5nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYZQW3x5mXjn1euqe3d ZadTzNIpwBMdwCjW4ggbcQhM8YDCAZ3iFN0c4L8678zFvLTj5zCH8gfP5AxOIjSg=< /latexit><latexit sha1_base64="CsOG/u7HXAgb QW5CCcEGSEjMFm4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU01VsN4KXjxWNLbQ hrLZTtqlm03Y3Qgl9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4WV1bX1je JmaWt7Z3evvH/wqONUMfRYLGLVDqhGwSV6hhuB7UQhjQKBrWB0M/VbT6g0j+WDGSfo R3QgecgZNVa6x7OLXrniVt0ZyDKp5aQCOZq98le3H7M0QmmYoFp3am5i/Iwqw5nASa mbakwoG9EBdiyVNELtZ7NTJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oas O5nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYZQW3x5mXjn1euqe3d ZadTzNIpwBMdwCjW4ggbcQhM8YDCAZ3iFN0c4L8678zFvLTj5zCH8gfP5AxOIjSg=< /latexit><latexit sha1_base64="CsOG/u7HXAgb QW5CCcEGSEjMFm4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU01VsN4KXjxWNLbQ hrLZTtqlm03Y3Qgl9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4WV1bX1je JmaWt7Z3evvH/wqONUMfRYLGLVDqhGwSV6hhuB7UQhjQKBrWB0M/VbT6g0j+WDGSfo R3QgecgZNVa6x7OLXrniVt0ZyDKp5aQCOZq98le3H7M0QmmYoFp3am5i/Iwqw5nASa mbakwoG9EBdiyVNELtZ7NTJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oas O5nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYZQW3x5mXjn1euqe3d ZadTzNIpwBMdwCjW4ggbcQhM8YDCAZ3iFN0c4L8678zFvLTj5zCH8gfP5AxOIjSg=< /latexit>
0
<latexit sha1_base 64="TS6COpw5lDKh/GfvJABBX7bov+E=">A AAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI 1lvBi8cWjC20oWy2k3btZhN2N0IJ/QVePK h49S9589+4bXPQ1gcDj/dmmJkXpoJr47rfz tr6xubWdmmnvLu3f3BYOTp+0EmmGPosEYnq hFSj4BJ9w43ATqqQxqHAdji+nfntJ1SaJ/L eTFIMYjqUPOKMGiu13H6l6tbcOcgq8QpShQ LNfuWrN0hYFqM0TFCtu56bmiCnynAmcFru ZRpTysZ0iF1LJY1RB/n80Ck5t8qARImyJQ2 Zq78nchprPYlD2xlTM9LL3kz8z+tmJqoHOZ dpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lb EQVZcZmU7YheMsvrxL/snZTc1tX1Ua9SKME p3AGF+DBNTTgDprgAwOEZ3iFN+fReXHenY 9F65pTzJzAHzifP+RkjH0=</latexit><latexit sha1_base 64="TS6COpw5lDKh/GfvJABBX7bov+E=">A AAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI 1lvBi8cWjC20oWy2k3btZhN2N0IJ/QVePK h49S9589+4bXPQ1gcDj/dmmJkXpoJr47rfz tr6xubWdmmnvLu3f3BYOTp+0EmmGPosEYnq hFSj4BJ9w43ATqqQxqHAdji+nfntJ1SaJ/L eTFIMYjqUPOKMGiu13H6l6tbcOcgq8QpShQ LNfuWrN0hYFqM0TFCtu56bmiCnynAmcFru ZRpTysZ0iF1LJY1RB/n80Ck5t8qARImyJQ2 Zq78nchprPYlD2xlTM9LL3kz8z+tmJqoHOZ dpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lb EQVZcZmU7YheMsvrxL/snZTc1tX1Ua9SKME p3AGF+DBNTTgDprgAwOEZ3iFN+fReXHenY 9F65pTzJzAHzifP+RkjH0=</latexit><latexit sha1_base 64="TS6COpw5lDKh/GfvJABBX7bov+E=">A AAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI 1lvBi8cWjC20oWy2k3btZhN2N0IJ/QVePK h49S9589+4bXPQ1gcDj/dmmJkXpoJr47rfz tr6xubWdmmnvLu3f3BYOTp+0EmmGPosEYnq hFSj4BJ9w43ATqqQxqHAdji+nfntJ1SaJ/L eTFIMYjqUPOKMGiu13H6l6tbcOcgq8QpShQ LNfuWrN0hYFqM0TFCtu56bmiCnynAmcFru ZRpTysZ0iF1LJY1RB/n80Ck5t8qARImyJQ2 Zq78nchprPYlD2xlTM9LL3kz8z+tmJqoHOZ dpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lb EQVZcZmU7YheMsvrxL/snZTc1tX1Ua9SKME p3AGF+DBNTTgDprgAwOEZ3iFN+fReXHenY 9F65pTzJzAHzifP+RkjH0=</latexit>
 0.2
<latexit sha1_bas e64="XhEOrCmrsyyc64vCEBYX3021hbo= ">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ 4MSRFsN4KXjxWMLbQhrLZbtqlu5uwuxFK 6F/w4kHFq7/Im//GTZuDtj4YeLw3w8y8K OVMG8/7dtbWNza3tis71d29/YPD2tHxo0 4yRWhAEp6oboQ15UzSwDDDaTdVFIuI004 0uS38zhNVmiXywUxTGgo8kixmBJtCuvTc xqBW91xvDrRK/JLUoUR7UPvqDxOSCSoN4 Vjrnu+lJsyxMoxwOqv2M01TTCZ4RHuWSi yoDvP5rTN0bpUhihNlSxo0V39P5FhoPRWR 7RTYjPWyV4j/eb3MxM0wZzLNDJVksSjOO DIJKh5HQ6YoMXxqCSaK2VsRGWOFibHxVG 0I/vLLqyRouDeud39VbzXLNCpwCmdwAT5 cQwvuoA0BEBjDM7zCmyOcF+fd+Vi0rjnl zAn8gfP5AyltjSg=</latexit><latexit sha1_bas e64="XhEOrCmrsyyc64vCEBYX3021hbo= ">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ 4MSRFsN4KXjxWMLbQhrLZbtqlu5uwuxFK 6F/w4kHFq7/Im//GTZuDtj4YeLw3w8y8K OVMG8/7dtbWNza3tis71d29/YPD2tHxo0 4yRWhAEp6oboQ15UzSwDDDaTdVFIuI004 0uS38zhNVmiXywUxTGgo8kixmBJtCuvTc xqBW91xvDrRK/JLUoUR7UPvqDxOSCSoN4 Vjrnu+lJsyxMoxwOqv2M01TTCZ4RHuWSi yoDvP5rTN0bpUhihNlSxo0V39P5FhoPRWR 7RTYjPWyV4j/eb3MxM0wZzLNDJVksSjOO DIJKh5HQ6YoMXxqCSaK2VsRGWOFibHxVG 0I/vLLqyRouDeud39VbzXLNCpwCmdwAT5 cQwvuoA0BEBjDM7zCmyOcF+fd+Vi0rjnl zAn8gfP5AyltjSg=</latexit><latexit sha1_bas e64="XhEOrCmrsyyc64vCEBYX3021hbo= ">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ 4MSRFsN4KXjxWMLbQhrLZbtqlu5uwuxFK 6F/w4kHFq7/Im//GTZuDtj4YeLw3w8y8K OVMG8/7dtbWNza3tis71d29/YPD2tHxo0 4yRWhAEp6oboQ15UzSwDDDaTdVFIuI004 0uS38zhNVmiXywUxTGgo8kixmBJtCuvTc xqBW91xvDrRK/JLUoUR7UPvqDxOSCSoN4 Vjrnu+lJsyxMoxwOqv2M01TTCZ4RHuWSi yoDvP5rTN0bpUhihNlSxo0V39P5FhoPRWR 7RTYjPWyV4j/eb3MxM0wZzLNDJVksSjOO DIJKh5HQ6YoMXxqCSaK2VsRGWOFibHxVG 0I/vLLqyRouDeud39VbzXLNCpwCmdwAT5 cQwvuoA0BEBjDM7zCmyOcF+fd+Vi0rjnl zAn8gfP5AyltjSg=</latexit>
0.2
<latexit sha1_base64="mXKT9kZBMh Vjis2Cl1oi4FdtLN8=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4CkkRrLeCF48V jS20oWy2k3bpZhN2N0Ip/QlePKh49R9589+4bXPQ1gcDj/dmmJkXZYJr43nfztr6 xubWdmmnvLu3f3BYOTp+1GmuGAYsFalqR1Sj4BIDw43AdqaQJpHAVjS6mfmtJ1Sa p/LBjDMMEzqQPOaMGivde26tV6l6rjcHWSV+QapQoNmrfHX7KcsTlIYJqnXH9zIT TqgynAmclru5xoyyER1gx1JJE9ThZH7qlJxbpU/iVNmShszV3xMTmmg9TiLbmVAz 1MveTPzP6+QmrocTLrPcoGSLRXEuiEnJ7G/S5wqZEWNLKFPc3krYkCrKjE2nbEP wl19eJUHNvXa9u8tqo16kUYJTOIML8OEKGnALTQiAwQCe4RXeHOG8OO/Ox6J1zSl mTuAPnM8fv+mM8Q==</latexit><latexit sha1_base64="mXKT9kZBMh Vjis2Cl1oi4FdtLN8=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4CkkRrLeCF48V jS20oWy2k3bpZhN2N0Ip/QlePKh49R9589+4bXPQ1gcDj/dmmJkXZYJr43nfztr6 xubWdmmnvLu3f3BYOTp+1GmuGAYsFalqR1Sj4BIDw43AdqaQJpHAVjS6mfmtJ1Sa p/LBjDMMEzqQPOaMGivde26tV6l6rjcHWSV+QapQoNmrfHX7KcsTlIYJqnXH9zIT TqgynAmclru5xoyyER1gx1JJE9ThZH7qlJxbpU/iVNmShszV3xMTmmg9TiLbmVAz 1MveTPzP6+QmrocTLrPcoGSLRXEuiEnJ7G/S5wqZEWNLKFPc3krYkCrKjE2nbEP wl19eJUHNvXa9u8tqo16kUYJTOIML8OEKGnALTQiAwQCe4RXeHOG8OO/Ox6J1zSl mTuAPnM8fv+mM8Q==</latexit><latexit sha1_base64="mXKT9kZBMh Vjis2Cl1oi4FdtLN8=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4CkkRrLeCF48V jS20oWy2k3bpZhN2N0Ip/QlePKh49R9589+4bXPQ1gcDj/dmmJkXZYJr43nfztr6 xubWdmmnvLu3f3BYOTp+1GmuGAYsFalqR1Sj4BIDw43AdqaQJpHAVjS6mfmtJ1Sa p/LBjDMMEzqQPOaMGivde26tV6l6rjcHWSV+QapQoNmrfHX7KcsTlIYJqnXH9zIT TqgynAmclru5xoyyER1gx1JJE9ThZH7qlJxbpU/iVNmShszV3xMTmmg9TiLbmVAz 1MveTPzP6+QmrocTLrPcoGSLRXEuiEnJ7G/S5wqZEWNLKFPc3krYkCrKjE2nbEP wl19eJUHNvXa9u8tqo16kUYJTOIML8OEKGnALTQiAwQCe4RXeHOG8OO/Ox6J1zSl mTuAPnM8fv+mM8Q==</latexit>
0.0
<latexit sha1_bas e64="hq8jJjpGVYc1VOxtdAWgQ6BoavA= ">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBb BU0lEsN4KXjxWNLbQhrLZbtqlm03YnQgl 9Cd48aDi1X/kzX/jts1BWx/s8nhvhpl5Y SqFQdf9dkpr6xubW+Xtys7u3v5B9fDo0S SZZtxniUx0J6SGS6G4jwIl76Sa0ziUvB2 Ob2Z++4lrIxL1gJOUBzEdKhEJRtFK927d 7Vdr9p+DrBKvIDUo0OpXv3qDhGUxV8gkN abruSkGOdUomOTTSi8zPKVsTIe8a6miMT dBPl91Ss6sMiBRou1TSObq746cxsZM4tB WxhRHZtmbif953QyjRpALlWbIFVsMijJJ MCGzu8lAaM5QTiyhTAu7K2EjqilDm07Fh uAtn7xK/Iv6dd29u6w1G0UaZTiBUzgHD6 6gCbfQAh8YDOEZXuHNkc6L8+58LEpLTtF zDH/gfP4AvOOM7w==</latexit><latexit sha1_bas e64="hq8jJjpGVYc1VOxtdAWgQ6BoavA= ">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBb BU0lEsN4KXjxWNLbQhrLZbtqlm03YnQgl 9Cd48aDi1X/kzX/jts1BWx/s8nhvhpl5Y SqFQdf9dkpr6xubW+Xtys7u3v5B9fDo0S SZZtxniUx0J6SGS6G4jwIl76Sa0ziUvB2 Ob2Z++4lrIxL1gJOUBzEdKhEJRtFK927d 7Vdr9p+DrBKvIDUo0OpXv3qDhGUxV8gkN abruSkGOdUomOTTSi8zPKVsTIe8a6miMT dBPl91Ss6sMiBRou1TSObq746cxsZM4tB WxhRHZtmbif953QyjRpALlWbIFVsMijJJ MCGzu8lAaM5QTiyhTAu7K2EjqilDm07Fh uAtn7xK/Iv6dd29u6w1G0UaZTiBUzgHD6 6gCbfQAh8YDOEZXuHNkc6L8+58LEpLTtF zDH/gfP4AvOOM7w==</latexit><latexit sha1_bas e64="hq8jJjpGVYc1VOxtdAWgQ6BoavA= ">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBb BU0lEsN4KXjxWNLbQhrLZbtqlm03YnQgl 9Cd48aDi1X/kzX/jts1BWx/s8nhvhpl5Y SqFQdf9dkpr6xubW+Xtys7u3v5B9fDo0S SZZtxniUx0J6SGS6G4jwIl76Sa0ziUvB2 Ob2Z++4lrIxL1gJOUBzEdKhEJRtFK927d 7Vdr9p+DrBKvIDUo0OpXv3qDhGUxV8gkN abruSkGOdUomOTTSi8zPKVsTIe8a6miMT dBPl91Ss6sMiBRou1TSObq746cxsZM4tB WxhRHZtmbif953QyjRpALlWbIFVsMijJJ MCGzu8lAaM5QTiyhTAu7K2EjqilDm07Fh uAtn7xK/Iv6dd29u6w1G0UaZTiBUzgHD6 6gCbfQAh8YDOEZXuHNkc6L8+58LEpLTtF zDH/gfP4AvOOM7w==</latexit>
0.2
<latexit sha1_ba se64="mXKT9kZBMhVjis2Cl1oi4FdtLN 8=">AAAB6XicbVBNS8NAEJ34WetX1aOX xSJ4CkkRrLeCF48VjS20oWy2k3bpZhN2 N0Ip/QlePKh49R9589+4bXPQ1gcDj/dm mJkXZYJr43nfztr6xubWdmmnvLu3f3BY OTp+1GmuGAYsFalqR1Sj4BIDw43AdqaQ JpHAVjS6mfmtJ1Sap/LBjDMMEzqQPOaM Givde26tV6l6rjcHWSV+QapQoNmrfHX7 KcsTlIYJqnXH9zITTqgynAmclru5xoyy ER1gx1JJE9ThZH7qlJxbpU/iVNmShszV 3xMTmmg9TiLbmVAz1MveTPzP6+QmrocT LrPcoGSLRXEuiEnJ7G/S5wqZEWNLKFP c3krYkCrKjE2nbEPwl19eJUHNvXa9u8t qo16kUYJTOIML8OEKGnALTQiAwQCe4RX eHOG8OO/Ox6J1zSlmTuAPnM8fv+mM8Q= =</latexit><latexit sha1_ba se64="mXKT9kZBMhVjis2Cl1oi4FdtLN 8=">AAAB6XicbVBNS8NAEJ34WetX1aOX xSJ4CkkRrLeCF48VjS20oWy2k3bpZhN2 N0Ip/QlePKh49R9589+4bXPQ1gcDj/dm mJkXZYJr43nfztr6xubWdmmnvLu3f3BY OTp+1GmuGAYsFalqR1Sj4BIDw43AdqaQ JpHAVjS6mfmtJ1Sap/LBjDMMEzqQPOaM Givde26tV6l6rjcHWSV+QapQoNmrfHX7 KcsTlIYJqnXH9zITTqgynAmclru5xoyy ER1gx1JJE9ThZH7qlJxbpU/iVNmShszV 3xMTmmg9TiLbmVAz1MveTPzP6+QmrocT LrPcoGSLRXEuiEnJ7G/S5wqZEWNLKFP c3krYkCrKjE2nbEPwl19eJUHNvXa9u8t qo16kUYJTOIML8OEKGnALTQiAwQCe4RX eHOG8OO/Ox6J1zSlmTuAPnM8fv+mM8Q= =</latexit><latexit sha1_ba se64="mXKT9kZBMhVjis2Cl1oi4FdtLN 8=">AAAB6XicbVBNS8NAEJ34WetX1aOX xSJ4CkkRrLeCF48VjS20oWy2k3bpZhN2 N0Ip/QlePKh49R9589+4bXPQ1gcDj/dm mJkXZYJr43nfztr6xubWdmmnvLu3f3BY OTp+1GmuGAYsFalqR1Sj4BIDw43AdqaQ JpHAVjS6mfmtJ1Sap/LBjDMMEzqQPOaM Givde26tV6l6rjcHWSV+QapQoNmrfHX7 KcsTlIYJqnXH9zITTqgynAmclru5xoyy ER1gx1JJE9ThZH7qlJxbpU/iVNmShszV 3xMTmmg9TiLbmVAz1MveTPzP6+QmrocT LrPcoGSLRXEuiEnJ7G/S5wqZEWNLKFP c3krYkCrKjE2nbEPwl19eJUHNvXa9u8t qo16kUYJTOIML8OEKGnALTQiAwQCe4RX eHOG8OO/Ox6J1zSlmTuAPnM8fv+mM8Q= =</latexit>
0.4
<latexit sha1_bas e64="8yypWkJ5N8X6tTwd7oJWJgHZ+Z8= ">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBb BU0hEsN4KXjxWNLbQhrLZTtqlm03Y3Qil 9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZel Amujed9O6W19Y3NrfJ2ZWd3b/+genj0qN NcMQxYKlLVjqhGwSUGhhuB7UwhTSKBrWh 0M/NbT6g0T+WDGWcYJnQgecwZNVa699zL XrXmud4cZJX4BalBgWav+tXtpyxPUBomq NYd38tMOKHKcCZwWunmGjPKRnSAHUslTV CHk/mpU3JmlT6JU2VLGjJXf09MaKL1OIl sZ0LNUC97M/E/r5ObuB5OuMxyg5ItFsW5 ICYls79JnytkRowtoUxxeythQ6ooMzadi g3BX355lQQX7rXr3V3WGvUijTKcwCmcgw 9X0IBbaEIADAbwDK/w5gjnxXl3PhatJae YOYY/cD5/AMLvjPM=</latexit><latexit sha1_bas e64="8yypWkJ5N8X6tTwd7oJWJgHZ+Z8= ">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBb BU0hEsN4KXjxWNLbQhrLZTtqlm03Y3Qil 9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZel Amujed9O6W19Y3NrfJ2ZWd3b/+genj0qN NcMQxYKlLVjqhGwSUGhhuB7UwhTSKBrWh 0M/NbT6g0T+WDGWcYJnQgecwZNVa699zL XrXmud4cZJX4BalBgWav+tXtpyxPUBomq NYd38tMOKHKcCZwWunmGjPKRnSAHUslTV CHk/mpU3JmlT6JU2VLGjJXf09MaKL1OIl sZ0LNUC97M/E/r5ObuB5OuMxyg5ItFsW5 ICYls79JnytkRowtoUxxeythQ6ooMzadi g3BX355lQQX7rXr3V3WGvUijTKcwCmcgw 9X0IBbaEIADAbwDK/w5gjnxXl3PhatJae YOYY/cD5/AMLvjPM=</latexit><latexit sha1_bas e64="8yypWkJ5N8X6tTwd7oJWJgHZ+Z8= ">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBb BU0hEsN4KXjxWNLbQhrLZTtqlm03Y3Qil 9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZel Amujed9O6W19Y3NrfJ2ZWd3b/+genj0qN NcMQxYKlLVjqhGwSUGhhuB7UwhTSKBrWh 0M/NbT6g0T+WDGWcYJnQgecwZNVa699zL XrXmud4cZJX4BalBgWav+tXtpyxPUBomq NYd38tMOKHKcCZwWunmGjPKRnSAHUslTV CHk/mpU3JmlT6JU2VLGjJXf09MaKL1OIl sZ0LNUC97M/E/r5ObuB5OuMxyg5ItFsW5 ICYls79JnytkRowtoUxxeythQ6ooMzadi g3BX355lQQX7rXr3V3WGvUijTKcwCmcgw 9X0IBbaEIADAbwDK/w5gjnxXl3PhatJae YOYY/cD5/AMLvjPM=</latexit>
0.6
<latexit sha1_bas e64="7vZ35Vwz//Qk6lEj2Ei1v/vC1Kc= ">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ 4ComI1lvBi8eKxhbaUDbbSbt0swm7G6GU /gQvHlS8+o+8+W/ctjlo64OBx3szzMyLM sG18bxvZ2V1bX1js7RV3t7Z3duvHBw+6j RXDAOWilS1IqpRcImB4UZgK1NIk0hgMxr eTP3mEyrNU/lgRhmGCe1LHnNGjZXuPfey W6l6rjcDWSZ+QapQoNGtfHV6KcsTlIYJq nXb9zITjqkynAmclDu5xoyyIe1j21JJE9 TheHbqhJxapUfiVNmShszU3xNjmmg9SiL bmVAz0IveVPzPa+cmroVjLrPcoGTzRXEu iEnJ9G/S4wqZESNLKFPc3krYgCrKjE2nb EPwF19eJsG5e+16dxfVeq1IowTHcAJn4M MV1OEWGhAAgz48wyu8OcJ5cd6dj3nrilP MHMEfOJ8/xfWM9Q==</latexit><latexit sha1_bas e64="7vZ35Vwz//Qk6lEj2Ei1v/vC1Kc= ">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ 4ComI1lvBi8eKxhbaUDbbSbt0swm7G6GU /gQvHlS8+o+8+W/ctjlo64OBx3szzMyLM sG18bxvZ2V1bX1js7RV3t7Z3duvHBw+6j RXDAOWilS1IqpRcImB4UZgK1NIk0hgMxr eTP3mEyrNU/lgRhmGCe1LHnNGjZXuPfey W6l6rjcDWSZ+QapQoNGtfHV6KcsTlIYJq nXb9zITjqkynAmclDu5xoyyIe1j21JJE9 TheHbqhJxapUfiVNmShszU3xNjmmg9SiL bmVAz0IveVPzPa+cmroVjLrPcoGTzRXEu iEnJ9G/S4wqZESNLKFPc3krYgCrKjE2nb EPwF19eJsG5e+16dxfVeq1IowTHcAJn4M MV1OEWGhAAgz48wyu8OcJ5cd6dj3nrilP MHMEfOJ8/xfWM9Q==</latexit><latexit sha1_bas e64="7vZ35Vwz//Qk6lEj2Ei1v/vC1Kc= ">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ 4ComI1lvBi8eKxhbaUDbbSbt0swm7G6GU /gQvHlS8+o+8+W/ctjlo64OBx3szzMyLM sG18bxvZ2V1bX1js7RV3t7Z3duvHBw+6j RXDAOWilS1IqpRcImB4UZgK1NIk0hgMxr eTP3mEyrNU/lgRhmGCe1LHnNGjZXuPfey W6l6rjcDWSZ+QapQoNGtfHV6KcsTlIYJq nXb9zITjqkynAmclDu5xoyyIe1j21JJE9 TheHbqhJxapUfiVNmShszU3xNjmmg9SiL bmVAz0IveVPzPa+cmroVjLrPcoGTzRXEu iEnJ9G/S4wqZESNLKFPc3krYgCrKjE2nb EPwF19eJsG5e+16dxfVeq1IowTHcAJn4M MV1OEWGhAAgz48wyu8OcJ5cd6dj3nrilP MHMEfOJ8/xfWM9Q==</latexit>
0.8
<latexit sha1_bas e64="YDBLnBYswNOeWEYEq4Mh73rrJNI= ">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBb BU0hEsN4KXjxWNLbQhrLZTtqlm03Y3Qil 9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZel Amujed9O6W19Y3NrfJ2ZWd3b/+genj0qN NcMQxYKlLVjqhGwSUGhhuB7UwhTSKBrWh 0M/NbT6g0T+WDGWcYJnQgecwZNVa699x6 r1rzXG8Oskr8gtSgQLNX/er2U5YnKA0TV OuO72UmnFBlOBM4rXRzjRllIzrAjqWSJq jDyfzUKTmzSp/EqbIlDZmrvycmNNF6nES 2M6FmqJe9mfif18lNXA8nXGa5QckWi+Jc EJOS2d+kzxUyI8aWUKa4vZWwIVWUGZtOx YbgL7+8SoIL99r17i5rjXqRRhlO4BTOwY craMAtNCEABgN4hld4c4Tz4rw7H4vWklP MHMMfOJ8/yPuM9w==</latexit><latexit sha1_bas e64="YDBLnBYswNOeWEYEq4Mh73rrJNI= ">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBb BU0hEsN4KXjxWNLbQhrLZTtqlm03Y3Qil 9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZel Amujed9O6W19Y3NrfJ2ZWd3b/+genj0qN NcMQxYKlLVjqhGwSUGhhuB7UwhTSKBrWh 0M/NbT6g0T+WDGWcYJnQgecwZNVa699x6 r1rzXG8Oskr8gtSgQLNX/er2U5YnKA0TV OuO72UmnFBlOBM4rXRzjRllIzrAjqWSJq jDyfzUKTmzSp/EqbIlDZmrvycmNNF6nES 2M6FmqJe9mfif18lNXA8nXGa5QckWi+Jc EJOS2d+kzxUyI8aWUKa4vZWwIVWUGZtOx YbgL7+8SoIL99r17i5rjXqRRhlO4BTOwY craMAtNCEABgN4hld4c4Tz4rw7H4vWklP MHMMfOJ8/yPuM9w==</latexit><latexit sha1_bas e64="YDBLnBYswNOeWEYEq4Mh73rrJNI= ">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBb BU0hEsN4KXjxWNLbQhrLZTtqlm03Y3Qil 9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZel Amujed9O6W19Y3NrfJ2ZWd3b/+genj0qN NcMQxYKlLVjqhGwSUGhhuB7UwhTSKBrWh 0M/NbT6g0T+WDGWcYJnQgecwZNVa699x6 r1rzXG8Oskr8gtSgQLNX/er2U5YnKA0TV OuO72UmnFBlOBM4rXRzjRllIzrAjqWSJq jDyfzUKTmzSp/EqbIlDZmrvycmNNF6nES 2M6FmqJe9mfif18lNXA8nXGa5QckWi+Jc EJOS2d+kzxUyI8aWUKa4vZWwIVWUGZtOx YbgL7+8SoIL99r17i5rjXqRRhlO4BTOwY craMAtNCEABgN4hld4c4Tz4rw7H4vWklP MHMMfOJ8/yPuM9w==</latexit>
 R
e[
 
]/
 
<latexit sha1_base64="lGwRdMeY6xmGBAWuYlpu1k+JOC4=">AAACAnicbVBNS8NAFNz4bf2KetNLsAherKkI1lvBgx5VrBaSUF62r7q4m4TdF7GEghf/ihcPKl79Fd78N25rD1odWBhm3vD2TZxJYcj3P52x8YnJqemZ2dLc/MLikru8cmHSXHNs8FSmuhmDQSkSbJAgic1MI6hY4mV8c9j3L29RG5Em59TNMFJwlYiO4EBWarlr2yHhHRVn2AtCaXNtiHbCI1AKWm7Zr/gDeH9JdUjKbIiTlvsRtlOeK0yISzAmqPoZRQVoElxirxTmBjPgN3CFgaUJKDRRMbih521ape11Um1fQt5A/ZkoQBnTVbGdVEDXZtTri/95QU6dWlSIJMsJE/69qJNLj1KvX4jXFho5ya4lwLWwf/X4NWjgZGsr2RKqoyf/JY3dykHFP90r12vDNmbYOttgW6zK9lmdHbMT1mCc3bNH9sxenAfnyXl13r5Hx5xhZpX9gvP+BRzql1g=</latexit><latexit sha1_base64="lGwRdMeY6xmGBAWuYlpu1k+JOC4=">AAACAnicbVBNS8NAFNz4bf2KetNLsAherKkI1lvBgx5VrBaSUF62r7q4m4TdF7GEghf/ihcPKl79Fd78N25rD1odWBhm3vD2TZxJYcj3P52x8YnJqemZ2dLc/MLikru8cmHSXHNs8FSmuhmDQSkSbJAgic1MI6hY4mV8c9j3L29RG5Em59TNMFJwlYiO4EBWarlr2yHhHRVn2AtCaXNtiHbCI1AKWm7Zr/gDeH9JdUjKbIiTlvsRtlOeK0yISzAmqPoZRQVoElxirxTmBjPgN3CFgaUJKDRRMbih521ape11Um1fQt5A/ZkoQBnTVbGdVEDXZtTri/95QU6dWlSIJMsJE/69qJNLj1KvX4jXFho5ya4lwLWwf/X4NWjgZGsr2RKqoyf/JY3dykHFP90r12vDNmbYOttgW6zK9lmdHbMT1mCc3bNH9sxenAfnyXl13r5Hx5xhZpX9gvP+BRzql1g=</latexit><latexit sha1_base64="lGwRdMeY6xmGBAWuYlpu1k+JOC4=">AAACAnicbVBNS8NAFNz4bf2KetNLsAherKkI1lvBgx5VrBaSUF62r7q4m4TdF7GEghf/ihcPKl79Fd78N25rD1odWBhm3vD2TZxJYcj3P52x8YnJqemZ2dLc/MLikru8cmHSXHNs8FSmuhmDQSkSbJAgic1MI6hY4mV8c9j3L29RG5Em59TNMFJwlYiO4EBWarlr2yHhHRVn2AtCaXNtiHbCI1AKWm7Zr/gDeH9JdUjKbIiTlvsRtlOeK0yISzAmqPoZRQVoElxirxTmBjPgN3CFgaUJKDRRMbih521ape11Um1fQt5A/ZkoQBnTVbGdVEDXZtTri/95QU6dWlSIJMsJE/69qJNLj1KvX4jXFho5ya4lwLWwf/X4NWjgZGsr2RKqoyf/JY3dykHFP90r12vDNmbYOttgW6zK9lmdHbMT1mCc3bNH9sxenAfnyXl13r5Hx5xhZpX9gvP+BRzql1g=</latexit>
Im[ ]/ 
<latexit sha1_bas e64="fyYsQuN7rAfa57rklUpmOdiI3/Y= ">AAACAXicbVBNS8NAFNzUr1q/qp7ES7A InmoqgvVW8KDeKlhbaEJ52WzbpbtJ2H0R Syhe/CtePKh49V9489+4bXPQ1oGFYeYNb 9/4seAaHefbyi0sLi2v5FcLa+sbm1vF7Z 07HSWKsgaNRKRaPmgmeMgayFGwVqwYSF+ wpj+4GPvNe6Y0j8JbHMbMk9ALeZdTQCN1 insusgdMr+Wo7QoTC8A7di9BSugUS07Zm cCeJ5WMlEiGeqf45QYRTSQLkQrQul1xYv RSUMipYKOCm2gWAx1Aj7UNDUEy7aWTE0 b2oVECuxsp80K0J+rvRApS66H0zaQE7Ot Zbyz+57UT7Fa9lIdxgiyk00XdRNgY2eM+ 7IArRlEMDQGquPmrTfuggKJprWBKqMyeP E8aJ+XzsnNzWqpVszbyZJ8ckCNSIWekRq 5InTQIJY/kmbySN+vJerHerY/paM7KMrv kD6zPH62glyA=</latexit><latexit sha1_bas e64="fyYsQuN7rAfa57rklUpmOdiI3/Y= ">AAACAXicbVBNS8NAFNzUr1q/qp7ES7A InmoqgvVW8KDeKlhbaEJ52WzbpbtJ2H0R Syhe/CtePKh49V9489+4bXPQ1oGFYeYNb 9/4seAaHefbyi0sLi2v5FcLa+sbm1vF7Z 07HSWKsgaNRKRaPmgmeMgayFGwVqwYSF+ wpj+4GPvNe6Y0j8JbHMbMk9ALeZdTQCN1 insusgdMr+Wo7QoTC8A7di9BSugUS07Zm cCeJ5WMlEiGeqf45QYRTSQLkQrQul1xYv RSUMipYKOCm2gWAx1Aj7UNDUEy7aWTE0 b2oVECuxsp80K0J+rvRApS66H0zaQE7Ot Zbyz+57UT7Fa9lIdxgiyk00XdRNgY2eM+ 7IArRlEMDQGquPmrTfuggKJprWBKqMyeP E8aJ+XzsnNzWqpVszbyZJ8ckCNSIWekRq 5InTQIJY/kmbySN+vJerHerY/paM7KMrv kD6zPH62glyA=</latexit><latexit sha1_bas e64="fyYsQuN7rAfa57rklUpmOdiI3/Y= ">AAACAXicbVBNS8NAFNzUr1q/qp7ES7A InmoqgvVW8KDeKlhbaEJ52WzbpbtJ2H0R Syhe/CtePKh49V9489+4bXPQ1oGFYeYNb 9/4seAaHefbyi0sLi2v5FcLa+sbm1vF7Z 07HSWKsgaNRKRaPmgmeMgayFGwVqwYSF+ wpj+4GPvNe6Y0j8JbHMbMk9ALeZdTQCN1 insusgdMr+Wo7QoTC8A7di9BSugUS07Zm cCeJ5WMlEiGeqf45QYRTSQLkQrQul1xYv RSUMipYKOCm2gWAx1Aj7UNDUEy7aWTE0 b2oVECuxsp80K0J+rvRApS66H0zaQE7Ot Zbyz+57UT7Fa9lIdxgiyk00XdRNgY2eM+ 7IArRlEMDQGquPmrTfuggKJprWBKqMyeP E8aJ+XzsnNzWqpVszbyZJ8ckCNSIWekRq 5InTQIJY/kmbySN+vJerHerY/paM7KMrv kD6zPH62glyA=</latexit>
e/2
<latexit sha1_ba se64="jD3vnHn+gGcVMMRQTErjXupyzN o=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69 LBbBU02LYL0VvHisaGyhDWWznbRLN5uw uxFK6E/w4kHFq//Im//GbZuDtj4YeLw3 w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B +fDoUcepYuixWMSqE1CNgkv0DDcCO4lC GgUC28H4Zua3n1BpHssHM0nQj+hQ8pAz aqx0jxf1frniVt05yCqp5aQCOVr98ld vELM0QmmYoFp3a25i/Iwqw5nAaamXakw oG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGS u/p7IaKT1JApsZ0TNSC97M/E/r5uasOF nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa 4vZWwEVWUGZtOyYZQW355lXj16nXVvbu sNBt5GkU4gVM4hxpcQRNuoQUeMBjCM7z CmyOcF+fd+Vi0Fpx85hj+wPn8ARIFjSc =</latexit><latexit sha1_ba se64="jD3vnHn+gGcVMMRQTErjXupyzN o=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69 LBbBU02LYL0VvHisaGyhDWWznbRLN5uw uxFK6E/w4kHFq//Im//GbZuDtj4YeLw3 w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B +fDoUcepYuixWMSqE1CNgkv0DDcCO4lC GgUC28H4Zua3n1BpHssHM0nQj+hQ8pAz aqx0jxf1frniVt05yCqp5aQCOVr98ld vELM0QmmYoFp3a25i/Iwqw5nAaamXakw oG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGS u/p7IaKT1JApsZ0TNSC97M/E/r5uasOF nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa 4vZWwEVWUGZtOyYZQW355lXj16nXVvbu sNBt5GkU4gVM4hxpcQRNuoQUeMBjCM7z CmyOcF+fd+Vi0Fpx85hj+wPn8ARIFjSc =</latexit><latexit sha1_ba se64="jD3vnHn+gGcVMMRQTErjXupyzN o=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69 LBbBU02LYL0VvHisaGyhDWWznbRLN5uw uxFK6E/w4kHFq//Im//GbZuDtj4YeLw3 w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B +fDoUcepYuixWMSqE1CNgkv0DDcCO4lC GgUC28H4Zua3n1BpHssHM0nQj+hQ8pAz aqx0jxf1frniVt05yCqp5aQCOVr98ld vELM0QmmYoFp3a25i/Iwqw5nAaamXakw oG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGS u/p7IaKT1JApsZ0TNSC97M/E/r5uasOF nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa 4vZWwEVWUGZtOyYZQW355lXj16nXVvbu sNBt5GkU4gVM4hxpcQRNuoQUeMBjCM7z CmyOcF+fd+Vi0Fpx85hj+wPn8ARIFjSc =</latexit>
0
<latexit sha1_base64="TS6COpw5l DKh/GfvJABBX7bov+E=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI1lvBi 8cWjC20oWy2k3btZhN2N0IJ/QVePKh49S9589+4bXPQ1gcDj/dmmJkXpoJr47r fztr6xubWdmmnvLu3f3BYOTp+0EmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+n fntJ1SaJ/LeTFIMYjqUPOKMGiu13H6l6tbcOcgq8QpShQLNfuWrN0hYFqM0TFC tu56bmiCnynAmcFruZRpTysZ0iF1LJY1RB/n80Ck5t8qARImyJQ2Zq78nchprP YlD2xlTM9LL3kz8z+tmJqoHOZdpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lbEQ VZcZmU7YheMsvrxL/snZTc1tX1Ua9SKMEp3AGF+DBNTTgDprgAwOEZ3iFN+fRe XHenY9F65pTzJzAHzifP+RkjH0=</latexit><latexit sha1_base64="TS6COpw5l DKh/GfvJABBX7bov+E=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI1lvBi 8cWjC20oWy2k3btZhN2N0IJ/QVePKh49S9589+4bXPQ1gcDj/dmmJkXpoJr47r fztr6xubWdmmnvLu3f3BYOTp+0EmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+n fntJ1SaJ/LeTFIMYjqUPOKMGiu13H6l6tbcOcgq8QpShQLNfuWrN0hYFqM0TFC tu56bmiCnynAmcFruZRpTysZ0iF1LJY1RB/n80Ck5t8qARImyJQ2Zq78nchprP YlD2xlTM9LL3kz8z+tmJqoHOZdpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lbEQ VZcZmU7YheMsvrxL/snZTc1tX1Ua9SKMEp3AGF+DBNTTgDprgAwOEZ3iFN+fRe XHenY9F65pTzJzAHzifP+RkjH0=</latexit><latexit sha1_base64="TS6COpw5l DKh/GfvJABBX7bov+E=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI1lvBi 8cWjC20oWy2k3btZhN2N0IJ/QVePKh49S9589+4bXPQ1gcDj/dmmJkXpoJr47r fztr6xubWdmmnvLu3f3BYOTp+0EmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+n fntJ1SaJ/LeTFIMYjqUPOKMGiu13H6l6tbcOcgq8QpShQLNfuWrN0hYFqM0TFC tu56bmiCnynAmcFruZRpTysZ0iF1LJY1RB/n80Ck5t8qARImyJQ2Zq78nchprP YlD2xlTM9LL3kz8z+tmJqoHOZdpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lbEQ VZcZmU7YheMsvrxL/snZTc1tX1Ua9SKMEp3AGF+DBNTTgDprgAwOEZ3iFN+fRe XHenY9F65pTzJzAHzifP+RkjH0=</latexit>
 0.2
<latexit sha1_base64="XhEOrCmrsyy c64vCEBYX3021hbo=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4MSRFsN4KXjxWM LbQhrLZbtqlu5uwuxFK6F/w4kHFq7/Im//GTZuDtj4YeLw3w8y8KOVMG8/7dtbWN za3tis71d29/YPD2tHxo04yRWhAEp6oboQ15UzSwDDDaTdVFIuI0040uS38zhNVmi XywUxTGgo8kixmBJtCuvTcxqBW91xvDrRK/JLUoUR7UPvqDxOSCSoN4Vjrnu+lJs yxMoxwOqv2M01TTCZ4RHuWSiyoDvP5rTN0bpUhihNlSxo0V39P5FhoPRWR7RTYjP WyV4j/eb3MxM0wZzLNDJVksSjOODIJKh5HQ6YoMXxqCSaK2VsRGWOFibHxVG0I/vL LqyRouDeud39VbzXLNCpwCmdwAT5cQwvuoA0BEBjDM7zCmyOcF+fd+Vi0rjnlzAn 8gfP5AyltjSg=</latexit><latexit sha1_base64="XhEOrCmrsyy c64vCEBYX3021hbo=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4MSRFsN4KXjxWM LbQhrLZbtqlu5uwuxFK6F/w4kHFq7/Im//GTZuDtj4YeLw3w8y8KOVMG8/7dtbWN za3tis71d29/YPD2tHxo04yRWhAEp6oboQ15UzSwDDDaTdVFIuI0040uS38zhNVmi XywUxTGgo8kixmBJtCuvTcxqBW91xvDrRK/JLUoUR7UPvqDxOSCSoN4Vjrnu+lJs yxMoxwOqv2M01TTCZ4RHuWSiyoDvP5rTN0bpUhihNlSxo0V39P5FhoPRWR7RTYjP WyV4j/eb3MxM0wZzLNDJVksSjOODIJKh5HQ6YoMXxqCSaK2VsRGWOFibHxVG0I/vL LqyRouDeud39VbzXLNCpwCmdwAT5cQwvuoA0BEBjDM7zCmyOcF+fd+Vi0rjnlzAn 8gfP5AyltjSg=</latexit><latexit sha1_base64="XhEOrCmrsyy c64vCEBYX3021hbo=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4MSRFsN4KXjxWM LbQhrLZbtqlu5uwuxFK6F/w4kHFq7/Im//GTZuDtj4YeLw3w8y8KOVMG8/7dtbWN za3tis71d29/YPD2tHxo04yRWhAEp6oboQ15UzSwDDDaTdVFIuI0040uS38zhNVmi XywUxTGgo8kixmBJtCuvTcxqBW91xvDrRK/JLUoUR7UPvqDxOSCSoN4Vjrnu+lJs yxMoxwOqv2M01TTCZ4RHuWSiyoDvP5rTN0bpUhihNlSxo0V39P5FhoPRWR7RTYjP WyV4j/eb3MxM0wZzLNDJVksSjOODIJKh5HQ6YoMXxqCSaK2VsRGWOFibHxVG0I/vL LqyRouDeud39VbzXLNCpwCmdwAT5cQwvuoA0BEBjDM7zCmyOcF+fd+Vi0rjnlzAn 8gfP5AyltjSg=</latexit>
0.2
<latexit sha1_base64="mXKT9kZBMhVjis2Cl1oi4FdtLN8=">AAAB6XicbVBNS8N AEJ34WetX1aOXxSJ4CkkRrLeCF48VjS20oWy2k3bpZhN2N0Ip/QlePKh49R9589+4bXPQ1gcDj/dmmJkXZYJr43nfztr6xubWdmmnvLu3f3BYOTp+1GmuGAYsFalqR1Sj4BIDw 43AdqaQJpHAVjS6mfmtJ1Sap/LBjDMMEzqQPOaMGivde26tV6l6rjcHWSV+QapQoNmrfHX7KcsTlIYJqnXH9zITTqgynAmclru5xoyyER1gx1JJE9ThZH7qlJxbpU/iVNmShs zV3xMTmmg9TiLbmVAz1MveTPzP6+QmrocTLrPcoGSLRXEuiEnJ7G/S5wqZEWNLKFPc3krYkCrKjE2nbEPwl19eJUHNvXa9u8tqo16kUYJTOIML8OEKGnALTQiAwQCe4RXeHOG8 OO/Ox6J1zSlmTuAPnM8fv+mM8Q==</latexit><latexit sha1_base64="mXKT9kZBMhVjis2Cl1oi4FdtLN8=">AAAB6XicbVBNS8N AEJ34WetX1aOXxSJ4CkkRrLeCF48VjS20oWy2k3bpZhN2N0Ip/QlePKh49R9589+4bXPQ1gcDj/dmmJkXZYJr43nfztr6xubWdmmnvLu3f3BYOTp+1GmuGAYsFalqR1Sj4BIDw 43AdqaQJpHAVjS6mfmtJ1Sap/LBjDMMEzqQPOaMGivde26tV6l6rjcHWSV+QapQoNmrfHX7KcsTlIYJqnXH9zITTqgynAmclru5xoyyER1gx1JJE9ThZH7qlJxbpU/iVNmShs zV3xMTmmg9TiLbmVAz1MveTPzP6+QmrocTLrPcoGSLRXEuiEnJ7G/S5wqZEWNLKFPc3krYkCrKjE2nbEPwl19eJUHNvXa9u8tqo16kUYJTOIML8OEKGnALTQiAwQCe4RXeHOG8 OO/Ox6J1zSlmTuAPnM8fv+mM8Q==</latexit><latexit sha1_base64="mXKT9kZBMhVjis2Cl1oi4FdtLN8=">AAAB6XicbVBNS8N AEJ34WetX1aOXxSJ4CkkRrLeCF48VjS20oWy2k3bpZhN2N0Ip/QlePKh49R9589+4bXPQ1gcDj/dmmJkXZYJr43nfztr6xubWdmmnvLu3f3BYOTp+1GmuGAYsFalqR1Sj4BIDw 43AdqaQJpHAVjS6mfmtJ1Sap/LBjDMMEzqQPOaMGivde26tV6l6rjcHWSV+QapQoNmrfHX7KcsTlIYJqnXH9zITTqgynAmclru5xoyyER1gx1JJE9ThZH7qlJxbpU/iVNmShs zV3xMTmmg9TiLbmVAz1MveTPzP6+QmrocTLrPcoGSLRXEuiEnJ7G/S5wqZEWNLKFPc3krYkCrKjE2nbEPwl19eJUHNvXa9u8tqo16kUYJTOIML8OEKGnALTQiAwQCe4RXeHOG8 OO/Ox6J1zSlmTuAPnM8fv+mM8Q==</latexit>
0.0
<latexit sha1_base64="hq8jJjpGVY c1VOxtdAWgQ6BoavA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjx WNLbQhrLZbtqlm03YnQgl9Cd48aDi1X/kzX/jts1BWx/s8nhvhpl5YSqFQdf9dkp r6xubW+Xtys7u3v5B9fDo0SSZZtxniUx0J6SGS6G4jwIl76Sa0ziUvB2Ob2Z++4 lrIxL1gJOUBzEdKhEJRtFK927d7Vdr9p+DrBKvIDUo0OpXv3qDhGUxV8gkNabru SkGOdUomOTTSi8zPKVsTIe8a6miMTdBPl91Ss6sMiBRou1TSObq746cxsZM4tBWx hRHZtmbif953QyjRpALlWbIFVsMijJJMCGzu8lAaM5QTiyhTAu7K2EjqilDm07F huAtn7xK/Iv6dd29u6w1G0UaZTiBUzgHD66gCbfQAh8YDOEZXuHNkc6L8+58LEp LTtFzDH/gfP4AvOOM7w==</latexit><latexit sha1_base64="hq8jJjpGVY c1VOxtdAWgQ6BoavA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjx WNLbQhrLZbtqlm03YnQgl9Cd48aDi1X/kzX/jts1BWx/s8nhvhpl5YSqFQdf9dkp r6xubW+Xtys7u3v5B9fDo0SSZZtxniUx0J6SGS6G4jwIl76Sa0ziUvB2Ob2Z++4 lrIxL1gJOUBzEdKhEJRtFK927d7Vdr9p+DrBKvIDUo0OpXv3qDhGUxV8gkNabru SkGOdUomOTTSi8zPKVsTIe8a6miMTdBPl91Ss6sMiBRou1TSObq746cxsZM4tBWx hRHZtmbif953QyjRpALlWbIFVsMijJJMCGzu8lAaM5QTiyhTAu7K2EjqilDm07F huAtn7xK/Iv6dd29u6w1G0UaZTiBUzgHD66gCbfQAh8YDOEZXuHNkc6L8+58LEp LTtFzDH/gfP4AvOOM7w==</latexit><latexit sha1_base64="hq8jJjpGVY c1VOxtdAWgQ6BoavA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjx WNLbQhrLZbtqlm03YnQgl9Cd48aDi1X/kzX/jts1BWx/s8nhvhpl5YSqFQdf9dkp r6xubW+Xtys7u3v5B9fDo0SSZZtxniUx0J6SGS6G4jwIl76Sa0ziUvB2Ob2Z++4 lrIxL1gJOUBzEdKhEJRtFK927d7Vdr9p+DrBKvIDUo0OpXv3qDhGUxV8gkNabru SkGOdUomOTTSi8zPKVsTIe8a6miMTdBPl91Ss6sMiBRou1TSObq746cxsZM4tBWx hRHZtmbif953QyjRpALlWbIFVsMijJJMCGzu8lAaM5QTiyhTAu7K2EjqilDm07F huAtn7xK/Iv6dd29u6w1G0UaZTiBUzgHD66gCbfQAh8YDOEZXuHNkc6L8+58LEp LTtFzDH/gfP4AvOOM7w==</latexit>
0.2
<latexit sha1_base64="mXKT9kZBMhVj is2Cl1oi4FdtLN8=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4CkkRrLeCF48VjS20o Wy2k3bpZhN2N0Ip/QlePKh49R9589+4bXPQ1gcDj/dmmJkXZYJr43nfztr6xubWdmm nvLu3f3BYOTp+1GmuGAYsFalqR1Sj4BIDw43AdqaQJpHAVjS6mfmtJ1Sap/LBjDMMEz qQPOaMGivde26tV6l6rjcHWSV+QapQoNmrfHX7KcsTlIYJqnXH9zITTqgynAmclru5x oyyER1gx1JJE9ThZH7qlJxbpU/iVNmShszV3xMTmmg9TiLbmVAz1MveTPzP6+QmrocT LrPcoGSLRXEuiEnJ7G/S5wqZEWNLKFPc3krYkCrKjE2nbEPwl19eJUHNvXa9u8tqo1 6kUYJTOIML8OEKGnALTQiAwQCe4RXeHOG8OO/Ox6J1zSlmTuAPnM8fv+mM8Q==</lat exit><latexit sha1_base64="mXKT9kZBMhVj is2Cl1oi4FdtLN8=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4CkkRrLeCF48VjS20o Wy2k3bpZhN2N0Ip/QlePKh49R9589+4bXPQ1gcDj/dmmJkXZYJr43nfztr6xubWdmm nvLu3f3BYOTp+1GmuGAYsFalqR1Sj4BIDw43AdqaQJpHAVjS6mfmtJ1Sap/LBjDMMEz qQPOaMGivde26tV6l6rjcHWSV+QapQoNmrfHX7KcsTlIYJqnXH9zITTqgynAmclru5x oyyER1gx1JJE9ThZH7qlJxbpU/iVNmShszV3xMTmmg9TiLbmVAz1MveTPzP6+QmrocT LrPcoGSLRXEuiEnJ7G/S5wqZEWNLKFPc3krYkCrKjE2nbEPwl19eJUHNvXa9u8tqo1 6kUYJTOIML8OEKGnALTQiAwQCe4RXeHOG8OO/Ox6J1zSlmTuAPnM8fv+mM8Q==</lat exit><latexit sha1_base64="mXKT9kZBMhVj is2Cl1oi4FdtLN8=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4CkkRrLeCF48VjS20o Wy2k3bpZhN2N0Ip/QlePKh49R9589+4bXPQ1gcDj/dmmJkXZYJr43nfztr6xubWdmm nvLu3f3BYOTp+1GmuGAYsFalqR1Sj4BIDw43AdqaQJpHAVjS6mfmtJ1Sap/LBjDMMEz qQPOaMGivde26tV6l6rjcHWSV+QapQoNmrfHX7KcsTlIYJqnXH9zITTqgynAmclru5x oyyER1gx1JJE9ThZH7qlJxbpU/iVNmShszV3xMTmmg9TiLbmVAz1MveTPzP6+QmrocT LrPcoGSLRXEuiEnJ7G/S5wqZEWNLKFPc3krYkCrKjE2nbEPwl19eJUHNvXa9u8tqo1 6kUYJTOIML8OEKGnALTQiAwQCe4RXeHOG8OO/Ox6J1zSlmTuAPnM8fv+mM8Q==</lat exit>
0.4
<latexit sha1_base64="8yypWkJ5N8 X6tTwd7oJWJgHZ+Z8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEsN4KXjx WNLbQhrLZTtqlm03Y3Qil9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZelAmujed9O6W 19Y3NrfJ2ZWd3b/+genj0qNNcMQxYKlLVjqhGwSUGhhuB7UwhTSKBrWh0M/NbT6 g0T+WDGWcYJnQgecwZNVa699zLXrXmud4cZJX4BalBgWav+tXtpyxPUBomqNYd3 8tMOKHKcCZwWunmGjPKRnSAHUslTVCHk/mpU3JmlT6JU2VLGjJXf09MaKL1OIlsZ 0LNUC97M/E/r5ObuB5OuMxyg5ItFsW5ICYls79JnytkRowtoUxxeythQ6ooMzad ig3BX355lQQX7rXr3V3WGvUijTKcwCmcgw9X0IBbaEIADAbwDK/w5gjnxXl3Pha tJaeYOYY/cD5/AMLvjPM=</latexit><latexit sha1_base64="8yypWkJ5N8 X6tTwd7oJWJgHZ+Z8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEsN4KXjx WNLbQhrLZTtqlm03Y3Qil9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZelAmujed9O6W 19Y3NrfJ2ZWd3b/+genj0qNNcMQxYKlLVjqhGwSUGhhuB7UwhTSKBrWh0M/NbT6 g0T+WDGWcYJnQgecwZNVa699zLXrXmud4cZJX4BalBgWav+tXtpyxPUBomqNYd3 8tMOKHKcCZwWunmGjPKRnSAHUslTVCHk/mpU3JmlT6JU2VLGjJXf09MaKL1OIlsZ 0LNUC97M/E/r5ObuB5OuMxyg5ItFsW5ICYls79JnytkRowtoUxxeythQ6ooMzad ig3BX355lQQX7rXr3V3WGvUijTKcwCmcgw9X0IBbaEIADAbwDK/w5gjnxXl3Pha tJaeYOYY/cD5/AMLvjPM=</latexit><latexit sha1_base64="8yypWkJ5N8 X6tTwd7oJWJgHZ+Z8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEsN4KXjx WNLbQhrLZTtqlm03Y3Qil9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZelAmujed9O6W 19Y3NrfJ2ZWd3b/+genj0qNNcMQxYKlLVjqhGwSUGhhuB7UwhTSKBrWh0M/NbT6 g0T+WDGWcYJnQgecwZNVa699zLXrXmud4cZJX4BalBgWav+tXtpyxPUBomqNYd3 8tMOKHKcCZwWunmGjPKRnSAHUslTVCHk/mpU3JmlT6JU2VLGjJXf09MaKL1OIlsZ 0LNUC97M/E/r5ObuB5OuMxyg5ItFsW5ICYls79JnytkRowtoUxxeythQ6ooMzad ig3BX355lQQX7rXr3V3WGvUijTKcwCmcgw9X0IBbaEIADAbwDK/w5gjnxXl3Pha tJaeYOYY/cD5/AMLvjPM=</latexit>
0.6
<latexit sha1_base64="7vZ35Vwz// Qk6lEj2Ei1v/vC1Kc=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4ComI1lvBi8e KxhbaUDbbSbt0swm7G6GU/gQvHlS8+o+8+W/ctjlo64OBx3szzMyLMsG18bxvZ2V 1bX1js7RV3t7Z3duvHBw+6jRXDAOWilS1IqpRcImB4UZgK1NIk0hgMxreTP3mEy rNU/lgRhmGCe1LHnNGjZXuPfeyW6l6rjcDWSZ+QapQoNGtfHV6KcsTlIYJqnXb9 zITjqkynAmclDu5xoyyIe1j21JJE9TheHbqhJxapUfiVNmShszU3xNjmmg9SiLbm VAz0IveVPzPa+cmroVjLrPcoGTzRXEuiEnJ9G/S4wqZESNLKFPc3krYgCrKjE2n bEPwF19eJsG5e+16dxfVeq1IowTHcAJn4MMV1OEWGhAAgz48wyu8OcJ5cd6dj3n rilPMHMEfOJ8/xfWM9Q==</latexit><latexit sha1_base64="7vZ35Vwz// Qk6lEj2Ei1v/vC1Kc=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4ComI1lvBi8e KxhbaUDbbSbt0swm7G6GU/gQvHlS8+o+8+W/ctjlo64OBx3szzMyLMsG18bxvZ2V 1bX1js7RV3t7Z3duvHBw+6jRXDAOWilS1IqpRcImB4UZgK1NIk0hgMxreTP3mEy rNU/lgRhmGCe1LHnNGjZXuPfeyW6l6rjcDWSZ+QapQoNGtfHV6KcsTlIYJqnXb9 zITjqkynAmclDu5xoyyIe1j21JJE9TheHbqhJxapUfiVNmShszU3xNjmmg9SiLbm VAz0IveVPzPa+cmroVjLrPcoGTzRXEuiEnJ9G/S4wqZESNLKFPc3krYgCrKjE2n bEPwF19eJsG5e+16dxfVeq1IowTHcAJn4MMV1OEWGhAAgz48wyu8OcJ5cd6dj3n rilPMHMEfOJ8/xfWM9Q==</latexit><latexit sha1_base64="7vZ35Vwz// Qk6lEj2Ei1v/vC1Kc=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4ComI1lvBi8e KxhbaUDbbSbt0swm7G6GU/gQvHlS8+o+8+W/ctjlo64OBx3szzMyLMsG18bxvZ2V 1bX1js7RV3t7Z3duvHBw+6jRXDAOWilS1IqpRcImB4UZgK1NIk0hgMxreTP3mEy rNU/lgRhmGCe1LHnNGjZXuPfeyW6l6rjcDWSZ+QapQoNGtfHV6KcsTlIYJqnXb9 zITjqkynAmclDu5xoyyIe1j21JJE9TheHbqhJxapUfiVNmShszU3xNjmmg9SiLbm VAz0IveVPzPa+cmroVjLrPcoGTzRXEuiEnJ9G/S4wqZESNLKFPc3krYgCrKjE2n bEPwF19eJsG5e+16dxfVeq1IowTHcAJn4MMV1OEWGhAAgz48wyu8OcJ5cd6dj3n rilPMHMEfOJ8/xfWM9Q==</latexit>
0.8
<latexit sha1_base64="YDBLnBYswN OeWEYEq4Mh73rrJNI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEsN4KXjx WNLbQhrLZTtqlm03Y3Qil9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZelAmujed9O6W 19Y3NrfJ2ZWd3b/+genj0qNNcMQxYKlLVjqhGwSUGhhuB7UwhTSKBrWh0M/NbT6 g0T+WDGWcYJnQgecwZNVa699x6r1rzXG8Oskr8gtSgQLNX/er2U5YnKA0TVOuO7 2UmnFBlOBM4rXRzjRllIzrAjqWSJqjDyfzUKTmzSp/EqbIlDZmrvycmNNF6nES2M 6FmqJe9mfif18lNXA8nXGa5QckWi+JcEJOS2d+kzxUyI8aWUKa4vZWwIVWUGZtO xYbgL7+8SoIL99r17i5rjXqRRhlO4BTOwYcraMAtNCEABgN4hld4c4Tz4rw7H4v WklPMHMMfOJ8/yPuM9w==</latexit><latexit sha1_base64="YDBLnBYswN OeWEYEq4Mh73rrJNI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEsN4KXjx WNLbQhrLZTtqlm03Y3Qil9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZelAmujed9O6W 19Y3NrfJ2ZWd3b/+genj0qNNcMQxYKlLVjqhGwSUGhhuB7UwhTSKBrWh0M/NbT6 g0T+WDGWcYJnQgecwZNVa699x6r1rzXG8Oskr8gtSgQLNX/er2U5YnKA0TVOuO7 2UmnFBlOBM4rXRzjRllIzrAjqWSJqjDyfzUKTmzSp/EqbIlDZmrvycmNNF6nES2M 6FmqJe9mfif18lNXA8nXGa5QckWi+JcEJOS2d+kzxUyI8aWUKa4vZWwIVWUGZtO xYbgL7+8SoIL99r17i5rjXqRRhlO4BTOwYcraMAtNCEABgN4hld4c4Tz4rw7H4v WklPMHMMfOJ8/yPuM9w==</latexit><latexit sha1_base64="YDBLnBYswN OeWEYEq4Mh73rrJNI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEsN4KXjx WNLbQhrLZTtqlm03Y3Qil9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZelAmujed9O6W 19Y3NrfJ2ZWd3b/+genj0qNNcMQxYKlLVjqhGwSUGhhuB7UwhTSKBrWh0M/NbT6 g0T+WDGWcYJnQgecwZNVa699x6r1rzXG8Oskr8gtSgQLNX/er2U5YnKA0TVOuO7 2UmnFBlOBM4rXRzjRllIzrAjqWSJqjDyfzUKTmzSp/EqbIlDZmrvycmNNF6nES2M 6FmqJe9mfif18lNXA8nXGa5QckWi+JcEJOS2d+kzxUyI8aWUKa4vZWwIVWUGZtO xYbgL7+8SoIL99r17i5rjXqRRhlO4BTOwYcraMAtNCEABgN4hld4c4Tz4rw7H4v WklPMHMMfOJ8/yPuM9w==</latexit>
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e[
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 
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Figure 4. (a) The model with two quantum dots in series,
with the energies L,R, and the sequential electron tunneling
rates ΓL,LR,R. The transport statistics are measured at the
interface between the right dot and the right reservoir. In (b-
d) we show the three distinct topological phases that occur
in the system-detector dynamics. In (b) all three eigenvalues
merge into one band with fractional charge e∗ = e/3. Alter-
natively, the lowest two eigenvalues can merge into a band
with charge e∗ = e/2, see (c). Finally, the upper two eigen-
values can merge into one band. The parameters for (b-d) are
ΓL = ΓR = 0.3Γ and ΓLR = 0.4Γ, with Γ = ΓL + ΓR + ΓLR
as well as µL = 2kBT , µR = −2kBT and R = kBT . The re-
maining parameter is L/kBT = {0, 1.5, 3.2} for (c), (b), and
(d), respectively.
that they are of the form γL→R = ΓLRf (L − R),
γL→R = ΓLRf (R − L), resulting in temperature depen-
dent rates, where for large detuning, |L − R|  kBT ,
there remains simply a constant rate towards the lower
lying level (neglecting any energy-dependence of ΓLR).
For one, we stress that since we are merely interested
in studying the general topological properties, it is not
necessary to take into account more details. Secondly, we
point out that the same simple energy dependence for the
inelastic rate was successfully used to describe inelastic
tunneling in a two-atom electron pump [84].
As for the topology of the kernel, we find the follow-
ing. Apart from the trivial phase with three independent
bands, the system with two quantum dots (islands) in se-
ries gives rise to 3 distinct topologically nontrivial phases.
They are depicted in Fig. 4b to d. In Fig. 4b all three
eigenvalues form a single band, while in Fig. 4c, the two
lower eigenvalues form the same topological stationary
mode as in the previously discussed single quantum dot.
We can also observe a topological phase, where the sta-
tionary mode is trivial, while the two decaying modes are
braided, see Fig. 4d.
In close analogy to the above discussion, the first two
topological phases (b and c), again gives rise to fractional
charges in the stationary mode. In particular, for the first
topological phase (b), there may occur a charge e/3.
The third topological phase (d) will however provide
trivial statistics in the here considered limit of long mea-
suring times. In the following section, we will analyze the
interplay between system and transport detector from a
very different vantage point, and for finite τ . This allows
for a much more general interpretation of the topologi-
cal phases as fractional charges, including the decaying
modes, as in Fig. 4d.
C. Braid phase transition and detector resolution
As we have seen, charge quantization is important to
correctly describe the global properties of the moment
generating function, and that fractional charges can only
be well-defined in the infinite measurement time limit as
the analytic continuation of m in χ. Now, we want to
generalize our findings to finite measurement times.
In order to do so, we propose an analogy between
charge quantization and the notion of a detector with a
minimal resolution limit. To begin, let us consider a very
generic, out-of-equilibrium transport situation with two
reservoirs, exchanging particles with a given charge. For
the moment, we now explicitly deviate from the charge
quantization requirement, such that the eigenvalues of
the charge operators in the reservoirs do not necessarily
need to be a multiple integer of e. Let us first restrict
our discussion to the case, where only a single type of
charge is exchanged, called e∗. We supplement such a
system with an idealized charge detector, measuring the
transport into one of the reservoirs, with the following
two properties. First, it has a continuous degree of free-
dom, here denoted as E , corresponding to an infinitely
precise charge resolution. Second, it is ideally coupled to
the system, such that whenever there is a transport event
passing a certain charge e∗ into or out of the reservoir,
the detector state receives a kick, such that E → E ± e∗.
We may describe the corresponding detector state with a
density matrix ρ (E , E ′), providing the probability density
P (E) ≡ ρ (E , E). Let us assume that at the inital time
t = 0 the detector state is reset, E = 0 (i.e., no charge
transfer is registered before the measurement starts), and
only one type of charge carrier is involved in the trans-
port. Then, the probability density at the measurement
time t = τ (where the detector state is projected onto the
charge eigenbasis) must be of the form (see also Fig. 5a)
P (E , τ) =
∑
N
P (N, τ) δ (E − e∗N) . (20)
Through a Fourier transform, we receive P (χ, τ) =´
dEeiχe EP (E , τ) = ∑N ei e∗e χNP (N, τ). We see now
that the discreteness of charge e∗ corresponds to a peri-
odicity of P (χ, τ) in χ, here however with period 2pie/e∗.
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Figure 5. The concept of detectors with insufficient resolution.
In (a) we show the probability density p as a function of E
for an ideal detector, measuring the transport statistics of
a particle with charge e∗. Below the E-axis, we indicate a
discretized (pixellated) detector with limited resolution, here
exactly the resolution of e∗, A = 1, hence no information is
lost through the discretization. (b) Here a discretized detector
with resolution A = 3 is shown. The charge transport can
no longer be resolved exactly. (c) A generic depiction of a
complex eigenmode λ as a function of χ, appearing in the
detector dynamics. (d) The eigenmodes λ˜a as a function of
χ appearing in the time evolution of the detector state with
insufficient resolution, A = 3. We see that the insufficient
resolution results in the appearance of shifted copies of λ (χ),
resulting in the same type of braid topology as in Fig. 1. (e)
and (f). The spectra of (c) and (d), respectively, are projected
onto the complex plane, for 0 ≤ χ < 2pi. The black dots
indicate the eigenvalues at χ = 0.
Now we render the detector nonideal, by introducing
a finite resolution in form of “pixels”, which may have a
size larger than e∗. Based on the previous discussion,
this pixellation can be motivated by multiple different
reasons. As the FCS of sequential tunneling are con-
cerned, we note that in the models we considered so far,
the detector is locally attached to the interface of one
reservoir (the right one, in the above examples), and is
by construction “blind” to all charge transfer processes
that do not change the charge in said reservoir. These
include for instance the tunneling into the quantum sys-
tem from the left reservoir, or the tunneling processes
within the quantum system (e.g. the interdot tunneling
in the double quantum dot). In a very similar way, we
can think of the pixellated detector as “blind”, since it
does not register stochastic events that occur within the
same pixel.
We can however motivate the pixellation also in a sim-
ilar spirit to the FCS of Luttinger liquids presented in
Ref. [14]. Namely, a detector with pixel size e can be un-
derstood as an ad hoc recipe to reintroduce integer charge
quantization. This treatment is in fact very similar to the
“by hand” reintroduction of charge quantization that the
authors of Ref. [14] propose themselves. We will com-
ment in more detail on the similarities and differences
to [14] below.
Finally, a third motivation for the detector pixellation
will be exploited in Sec. IVE, where we consider a pos-
sible application of topological detector dynamics when
the detector that has a limited resolution rather due to
a deficiency than due to a fundamental limit.
We define the nonideal detector probability as
P˜ (M) =
´ E0+AM+A
E0+AM dEP (E), such that all measurement
outcomes in the interval E0+AM ≤ E ≤ E0+AM+A get
projected onto a discrete detector state M ∈ Z, where A
is the resolution of the nonideal detector, and E0 is an
arbitrary and irrelevant shift (for simplicity, we require
0 < E0 < A). For our purposes, it is sufficient to con-
sider a resolution A which is an integer multiple of e∗,
A = Ae∗, A ∈ N (see Figs. 5a and b). Then, we find that
the probability distribution of the discretized detector is
P˜ (M, τ) =
A−1∑
a=0
P (AM + a, τ) . (21)
Thus, the projected state M sums up the probabilites of
being in the states N that are within an interval from
N = AM to N = AM + A − 1. We likewise define
a Fourier transform P˜ (χ, τ) =
∑
M e
iMχP˜ (M, τ). We
note that for A = 1, P˜ (χ, τ) = P (χ, τ), which means
that if the resolution of the discrete detector matches
e∗, we have not actually lost any information, as can be
expected.
Now we consider the nonideal case, A > 1. For the
sake of simplicity, let us assume that the dynamics of
the original detector state can be described through a
single mode, P (χ, τ)→ eλ(χ)τ (for a generic example, see
Figs. 5c and e). We note that while the description of the
detector dynamics in terms of eigenmodes is obviously
motivated by our considerations of sequential tunneling,
but my no means restricted to it, see, e.g., the result of
Ref. [14], and references therein. Requiring that λ (χ) be
analytic, one can show in a straightforward manner that
for the nonideal detector
P˜ (χ, τ) =
A−1∑
a=0
α˜a (χ) e
λ˜a(χ)τ , (22)
with α˜a (χ) =
∑A−1
a′=0 e
−i[χ/A+2pia/A]a′/A and
λ˜a (χ) = λ (χ/A+ 2pia/A) . (23)
We see that the time-evolution for the discretized detec-
tor with insufficient resolution gives rise to a superposi-
tion of modes λ˜a (χ), which are simply shifted copies of
the original λ (χ), stretched to a new periodicity 2piA,
and braided (see Figs. 5d and f). And the same is true
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for the coefficients αa. Thus, the new moment gener-
ating function provides eigenmodes with the exact same
properties - broken periodicity and redundancy - as the
topological subbands introduced in Sec. II A.
Crucially, if we now return to the model systems with
sequential electron tunneling, Sec. II B, we find that the
detector statistics exhibit a topological eigenspectrum
with broken periodicity, even though the detector is ideal
in the sense that it measures exactly the electrons that
physically tunnel into a reservoir. The braid phase tran-
sition does not come from a coarse-grained measurement,
but stems from the extra degrees of freedom of the quan-
tum system to which the detector is insensitive. Here,
we study rather generically the dynamics of a detector
with a finite resolution that does not necessarily match
the unit of a certain discrete process - and we make the
striking observation, that also here the same topological
eigenspectrum with broken periodicity occurs: the bro-
ken periodicity directly relates to the mismatch between
the detector resolution (e) and the sub-pixel size of a
discrete process (e∗). Therefore, we conclude that if the
dynamics of the detector state is the only accessible in-
formation, then the nontrivial transport statistics with
periodicity p of regular electrons are topologically indis-
tinguishable from trivial transport of fractional charges
e/p, measured with a detector with resolution e.
Importantly, we can easily generalize the above dis-
cussion to the case where the detector dynamics P (χ, τ)
contains more than just a single mode. Consequently,
the equivalence between braid phase transitions and fi-
nite detector resolution can be easily extended to the
decaying modes. For this purpose, we start with the cu-
mulant generating function as given in Eq. (6). Taking
then into account the redundancy due to broken period-
icity, we can reexpress the moment generating function
in terms of the reduced band index ν, such that
m (χ, τ) =
∑
n
αn (χ) e
λn(χ)τ
=
∑
ν
pν∑
a=0
α˜ν ([χ+ 2pia] /pν) e
λ˜ν([χ+2pia]/pν)τ ,
(24)
where
λn=0 (χ) = λn=1 (χ− 2pi) = λν=0 (χ) = λ˜ν=0 (χ/2) ,
(25)
and
λn=2 (χ) = λn=3 (χ− 2pi) = λn=4 (χ− 4pi)
= λν=1 (χ) = λ˜1=0 (χ/3) ,
(26)
and likewise for the coefficients α.
We thus conclude, that the above dynamics is equiva-
lent to the coexisting transport of e/2 and e/3 charges,
which are measured with a detector that can only re-
solve the transport in units of the elementary charge e,
see Fig. 6. We can think of this transport in terms of
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Figure 6. The analogy between a topological eigenspectrum
with broken periodicity, and the transport of (fractional)
charges measured with a pixellated detector. On the left
hand, we show again the generic example of the eigenspec-
trum of Fig. 1. On the upper right hand, we show a pixellated
detector setup that gives rise to the spectrum on the left side.
Thus, the spectrum on the left is equivalent to the transport
of e/2 and e/3 charges, measured with a detector that has a
minimum resolution of the elementary charge e. The fact that
one of the bands (the red band with charge e/3) is decaying,
can be interpreted in simplified terms as an emitter with two
possible emission states (see lower right side): the emission
state of the e/3 band is unstable, eventually decaying to the
e/2 emission state.
the simple picture of an emitter that is either in a state
where it emits e/2-charges, or in a state that emits e/3-
charges. The fact that the e/3-band is decaying can then
in addition be regarded as the e/3 emission state being
unstable, i.e., when the emitter is in this state, it relaxes
to the stable e/2 emission state with a given rate. Along
these lines, we are now also able to understand the third
topological phase for the double quantum dot, depicted
in Fig. 4d. Namely, it corresponds to a stable emission
state of regular electrons, and an unstable emission state
with a fractional charge e/2.
To state the above in generalized terms, we find that
each band ν, with periodicity pν , contributes to the trans-
port with the fractional charge
e∗ν =
e
pν
. (27)
This is a central result of this paper, establishing the
initial claim depicted in Fig. 1.
While we already refer to the eigenmodes as contri-
butions with a fractional charge, we would like to con-
cretely ask the question, to which extent can we think of
these eigenmodes as fractionally charged quasiparticles
in a similar sense to the excitations appearing in Lut-
tinger liquids or the FQHE. We can provide two argu-
ments in favour of such an interpretation. First, through
above procedure we can draw a straightforward corre-
spondance from topologically nontrivial FCS in sequen-
tial tunneling to an auxiliary system which contains ex-
citations described by a charge operator with fractional
eigenvalues, e∗ν , which is afterwards requantized by in-
voking the notion of a minimal detector resolution of size
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e. Of course, these fractionally charged quasiparticles are
thus fictitious, because they have to be supplemented by
a detector with integer resolution in order to be physical.
But, as we have already stressed on several occasions, we
do not believe that this notion of fractional charge is nei-
ther more nor less fictitious than the one of quasiparticles
in strongly correlated systems, since charge quantization
in units of e is fundamental for electronic systems.
This leads us to the second argument. Namely, we
want to point out a possible relation of the above intro-
duced detector resolution to the reintroduction of integer
charge quantization in Luttinger liquid theory, as it was
proposed in Ref. [14]. To briefly repeat, we pointed out in
Sec. II B that the transport statistics in Luttinger liquids
gives rise to a moment generating function with broken
periodicity, thus explicitly violating charge quantization.
Gutman et al. [14] propose to reintroduce charge quan-
tization by simply accepting the values of the moment
generating function only for χ from −pi to pi, and con-
tinuing the function periodically beyond that interval.
We could alternatively reintroduce charge quantization
in their result through adding a finite detector resolution
of e, along the lines presented above. Note that even
though the procedure was motivated for completely clas-
sical dynamics, the generalization to quantum transport
is possible, because the system is allowed to evolve coher-
ently until the projective measurement at time τ , where
we perform the pixellation. In fact, this procedure pro-
vides a similar result as the one in Ref. [14] except that
it does not simply discard the values of the moment gen-
erating function for |χ| > pi beyond pi. Instead, due to
the copying of eigenvalues described above, these values
would be folded back onto the interval between −pi and
pi, as decaying modes, such that the interval −pi < χ < pi
can be considered as a Brillouin zone (again with χ be-
ing a detector momentum) with a unit cell size given by
e. For finite times, the two procedures provide a mo-
ment generating function with the same lowest mode,
but where our procedure provides additional extra modes
which decay exponentially with time. For long times,
the two results eventually converge, where the decaying
bands no longer contribute. We emphasize that at this
point, both methods to enforce a 2pi-periodicity are com-
pletely ad hoc, and we cannot say which of the two, if
any, can be formally justified, as such an effort would go
way beyond this work. As far as Luttinger liquid theory
is concerned, generalizations have been developed [28],
however the issue of integer charge quantization has to
our best knowledge not been discussed [29]. We empha-
size though that later in this work, in Sec. III B, we con-
sider the special case of superconducting transport across
Josephson junctions, where the 2pi-periodicity, and thus
the charge quantization in terms of multiples of e (that
is, actually 2e, since we will consider supercurrents), can
be justified on formal grounds, even in the presence of
strong correlations, where we can thus formulate an even
closer analogy.
Importantly, the ramifications of our result may well
be, that transport statistics generally turn out to be
an ill-suited observable to unequivocally identify ex-
otic quasiparticles, such as Laughlin quasiparticles, or
parafermions. At the very least in the here considered
low-frequency regime of FCS, based on the topological
arguments presented above, we do not see any qualita-
tive feature which would distinguish them from the frac-
tional effect in sequential tunneling. More research will
be required to definitively answer this question, e.g., by a
better understanding of charge quantization in Luttinger
liquid theory, or by comparing topological features in the
high-frequency transport statistics.
Finally, we stress that surprisingly, the pixellation of
the detector as described above does not actually lead
to a loss of information about the detector dynamics:
the eigenvalues λn (χ) are still exactly observable even
when the detector has insufficient resolution. We will
provide a concrete example within the context of quan-
tum transport, where this principle can be exploited (see
Sec. IVE). Finally, we note that we have so far included
only charges that are rational fractions of e. The more
general case when e and e∗ are incommensurable, may be
interesting for several reasons, such as to strengthen the
analogy to Luttinger liquids (where quasiparticles with
irrational fractions are possible), or also in the context of
measuring beyond the detector resolution.
III. NONEQUILIBRIUM GEOMETRIC PHASES
AND ANALOGY TO FRACTIONAL
JOSEPHSON-EFFECT
In above sections, we have emphasized the nontrivial
relation between fractional charges, related to the period-
icity of the eigenspectrum, and integer charge quantiza-
tion, embedded in the global periodicity of the kernelW .
For the particular example of sequential electron tunnel-
ing through quantum dots, we have seen that the braid
phase transition arises from transport being measured
locally, at a sharp interface, missing certain tunneling
events. We were able to relate this principle to a gen-
eral notion of a detector with a finite resolution (given
by the integer charge) and a discrete process with a sub-
resolution size (the fractional charge). We will show in
this section that there arises a nontrivially quantized ge-
ometric phase, due to the mismatch between the two.
Namely, this geometric phase contains additional infor-
mation beyond the topology of the eigenvalues: namely,
it is nontrivial when the periodicity of the eigenspectrum
is different from the periodicity of the kernel W . The
geometric phase we consider here, arises from a paral-
lel vector transport of the eigenvectors of W (χ) along χ,
giving rise to connections of the form ∼ (ν| ∂χ |ν). Con-
sidering the number of transported electrons N and the
counting field χ as conjugate quantities, we can think of
such a phase as a generalized version of a 1D Zak-Phase,
for generally non-Hermitian matrices W . In a second
part, we will use this result to demonstrate that the frac-
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tional effect in sequential electron transport provides a
profound classical analogy to the fractional Josephson ef-
fect emerging in topological superconducting junctions.
We note that while topological invariants defined
through geometric phases in parallel vector transport are
well-established in the context of closed topological quan-
tum systems, their generalization to open quantum sys-
tems is still an actively considered, open problem [35–
42, 85–89]. Our work contributes to the search for ap-
propriate geometric phases in open quantum systems, by
proposing a phase defined through the detector degrees
of freedom.
A. Relation between geometric phase and
fractional charge
In order to define the geometric phase, we perform a
parallel vector transport of |n(χ)) along χ (we will ex-
plain in Sec. IVC, how such a vector transport can be
measured physically). We take the projector |n(χ))(n(χ)|
at a certain χ0 and repeatedly apply it to itself for in-
creasing χj = j∆χ + χ0, for the integer j going from 0
to J . Going to the continuum limit ∆χ → 0, J → ∞
(while keeping χJ = J∆χ finite) and taking the trace
of the resulting matrix object, we receive a phase factor
times an overlap function
lim
∆χ→0
tr
 J∏
j=0
|n(χj))(n(χj)|
 =
e
− ´ χJ
χ0
dχ(n(χ)|∂χ|n(χ))(n(χ0)|n(χJ)) .
(28)
This quantity is manifestly gauge invariant. If we want
to completely isolate the phase factor, and get rid of the
overlap function (n(χ0)|n(χJ)), we need to continue our
path in χ until we end up in the same eigenvector as the
initial one. For a generally topological eigenspectrum,
this means that we may need to advance χ by more than
just 2pi. In fact (and as already stated in Sec. IIA)
due to the 2pi-periodic W (χ), both the eigenvalues and
eigenvectors have the same redundancy, such that we may
likewise switch to the reduced band index ν for the ge-
ometric phases. Choosing a 2pipν-periodic gauge for the
eigenvectors, and setting the initial χ0 = 0 (without loss
of generality) we may relate Eq. (28) to the phase
Bν = e−
´ 2pipν
0
(ν(χ)|∂χ|ν(χ)) . (29)
First of all, let us verify that this actually corresponds to
a real phase, that is, i
´ 2pipν
0
(ν(χ)|∂χ|ν(χ)) ∈ R. In fact
this is ensured by the symmetryW ∗(χ) = W (−χ), which
originates from the fact that all transition rates inW are
real. As long as we follow bands with λ∗ν(χ) = λ∗ν(−χ),
it follows likewise that the geometric phase is real [90].
Now we investigate the connection between the geo-
metric phases and the braid topology. Crucially, we can
show that while the geometric phases for each individ-
ual band are in general not quantized, their product is.
Namely, we can demonstrate that for a general kernel
W (χ)
Z =
∏
ν
Bν =
∏
ν
(−1)pν−1 =
∏
ν
(−1)e/e∗ν−1 . (30)
Due to e/e∗ν = pν ∈ N, Z is manifestly = ±1. This prod-
uct of geometric phases thus directly depends on the ra-
tios of the periodicity of the eigenspectrum with respect
to the periodicity ofW (χ) itself, indicating the mismatch
of the fractional charges of the quasiparticles with the in-
teger charge quantization (i.e., the detector resolution).
Importantly, the eigenvalues themselves do not contain
the information of the periodicity of W (χ), which is why
Z carries additional information specific about the de-
tector. This is a further main result of this paper. Let us
stress in addition the importance of taking into account
the redundancy of bands. Had we defined Z through the
product of n instead of ν, it would always be trivially
+1, independent of the topology.
The full derivation of Eq. (30) is detailed Sec. S2.4
in [67]. We here briefly recapitulate the main steps and
assumptions to demonstrate the quantization of Z. The
chief requirement for deriving Eq. (30) is that W (χ) can
be decomposed into the formW (χ) =
∑
N e
iχNWN , that
is, a kernel that describes the statistics of some discrete
process. The proof then involves a generalization to com-
plex counting fields → χ ∈ C. As we already stated in
Sec. II A, in this complex space, we find that W (χ) ex-
hibits isolated points, so-called exceptional points, where
W has no longer well-defined left and right eigenvectors.
To each exceptional point one can associate a braid gen-
erator (along the lines of Artins braid theory [77]). As
far as the geometric phase is concerned, the integrals in
Eq. (30) can be reduced into a product of phase contri-
butions which enclose the individual exceptional points.
We then find that each exceptional point contributes a
phase eipi = −1 to the total phase. This particular step
is in accordance with a similar result found in Ref. [35].
The final step then involves relating the periodicities pν
of the eigenspectrum to the number of exceptional points
enclosed by the contour of real χ, leading eventually to
Eq. (30). In fact, based on the analysis by means of
exceptional points, the number Z can be understood as
an element of the Z2-group, where the nontrivial group
operation is associated to the moving of an exceptional
point across the real χ line.
Apart from indicating the mismatch between fractional
charges and integer charge quantization, Eq. (30) em-
phasizes the importance of measuring at a sharp inter-
face. As a reminder, in Sec. II A we introduced the notion
of spatially imprecise detectors, described by kernels of
the form eiχn̂pW (χ)e−iχn̂p, where measurements at the
left and right interface occur with a probability of p and
1−p, respectively. Such kernels are no longer 2pi-periodic,
and thus violate the assumptions to derive Eq. (30). In-
deed, while this unitary transformation leaves the eigen-
values invariant due to current conservation (as we al-
ready stated), it should become clear now that the geo-
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metric phases are affected by it, as they depend on the
eigenvectors. In particular, for an arbitrary p ∈ R, the
kernel is not even periodic anymore, since the probabili-
ties to measure from the left (p) and to the right contact
(1 − p) are incommensurable. Here, due to the incom-
mensurability a meaningful geometric phase could only
be defined by extending the system to two explicit count-
ing fields, one on the left and one on the right, and con-
sidering generalizations of a 2D Chern number instead of
the 1D geometric phase (in fact, very similarly in spirit to
Ref. [91]). Such considerations of two-terminal measure-
ments go beyond the scope here, and will be considered
in the future. To sum up, we can only guarantee that
Z is a meaningful topological number, when there is a
local, sharp measurement at exactly one reservoir. This
shows that Z is highly sensitive to how the transport is
physically measured. Again we see, that the value of Z
does a merely reflect the topology of the eigenspectrum
λν , but is an additional number in its own right, putting
the topology of λν in relation with the global properties
of W (χ). This dependence on whether or not a trans-
port measurement occurs at a sharp interface will again
become important in the subsequent Sec. III B, where we
explain the analogy to the fractional Josephson effect.
We now relate the above geometric phase defined in
the detector space to some of the other recent efforts
to generalize geometric phases to open quantum sys-
tems. For instance, the body of work elaborated in
Refs. [38, 39, 42, 89] strives to understand the topo-
logical structure of open quantum systems in terms of
geometric phases related to the density matrix. In par-
ticular, in Ref. [42] 1D open quantum systems with a
momentum-like degree of freedom k are studied. The
authors define a geometric phase based on a many-body
correlation function, which, in the thermodynamic limit,
returns the standard Zak phase of the ground state in
spite being at finite temperatures. A relation to the ge-
ometric phase defined in this paper can be found in so
far as χ can be considered as a detector momentum, i.e.,
the conjugate variable to the number of transported elec-
trons. However, the geometric phase that we propose is
a genuine nonequilibrium quantity, and it is in general
difficult to relate the connection ∼ (ν| ∂χ |ν) to the eigen-
vectors of a closed system and thus to the standard Zak
phase. A closer relation exists with respect to geometric
phases emerging in the FCS of time-dependently driven
quantum pumps [85–88, 92, 93]. Further works by Refs.
[40, 41] elaborated that the pumping geometric phase
is related to the gauge degree of freedom arising from
calibrating the transport detector. The time-dependent
driving manifests in an explicit time-dependence of the
kernel Wt (χ). The resulting pumping geometric phase,
∼ (ν (χ)| ∂t |ν (χ)), provides the lowest order correction
of the stationary contribution to the FCS, due to nearly
adiabatic driving. Importantly, the difference to our ap-
proach is, that we perform a parallel vector transport not
along some pumping parameters, but along the counting
field itself, ∼ (n (χ)| ∂χ |n (χ)). In essence, instead of a
time-dependent driving, we here have to invoke the no-
tion of a time-dependent measurement of the FCS. We
will elaborate on this in more detail in Sec. IVC, where
we examine strategies to measure Z experimentally.
B. Analogy to fractional Josephson effect
Here we compare the fractional effect in sequential elec-
tron tunneling to the fractional Josephson effect. Apart
from the surprising fact that such a comparison is even
possible in general, we have one more important moti-
vation. Namely, as we mentioned in Sec. II C, a proper
requantization of charge seems highly nontrivial for Lut-
tinger liquid theory. Therefore, an unambiguous com-
parison of the fractional nature of charges in the two
systems, beyond the ad hoc arguments presented previ-
ously, seems difficult. However, as we will show now,
in the case of superconducting transport across Joseph-
son junctions, we can argue in a straightforward fashion,
how charge quantization is preserved even in the topolog-
ical regime. Thus, we can show that the same nontrivial
quantized phase emerges, indicating a mismatch between
the Cooper pair charge, the underlying unit of charge of
the supercurrent, and the Majorana- and parafermions.
This establishes, that the fractional nature of charge oc-
curing in the fractional Josephson effect is the same as
the one in sequential tunneling, except that the dynamics
is completely quantum coherent, instead of dissipative.
To begin, let us note that in superconducting junc-
tions, the number N of coherently transported Cooper
pairs across the two superconductors has likewise its con-
jugate pendant in the form of the phase difference φ. In
fact, we can think of the pair N and χ describing dissipa-
tive transport as the classical components of the quantum
variables N and φ. In particular, just as a 2pi-periodicity
in χ indicates that the electron is the fundamental unit of
dissipative electron transport, a 2pi-periodicity in φ cor-
responds to the Cooper pair being the underlying unit
in which a supercurrent is mediated. However, excita-
tions carrying a seeming fractional Cooper pair charge
can appear in junctions with topological superconduc-
tors [15, 19–21]. And once more, we need to define ex-
actly, what is meant by fractional. The subgap transport
physics of such junctions can be described by a Hamil-
tonian operator, Hsub(φ), valid for energies < ∆, where
∆ is the superconducting gap. Hence, very similarly to
sequential electron tunneling, the transport can be de-
scribed in terms of a linear operator along a transport
degree of freedom (φ). This Hamiltonian may likewise
give rise to an eigenenergy spectrum with broken peri-
odicity in φ, either a 4pi-Josephson effect for Majorana
fermions with half a Cooper pair charge [15], or an 8pi-
Josephson effect for parafermion transport, carrying a
quarter of the Cooper pair charge [19]. However, in the
very same spirit of our above discussion in sequential tun-
neling, we stress that also here, care has to be taken as
far as the periodicity of the Hamiltonian itself is con-
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cerned. We here advocate that the periodicity of the
Hamiltonian be not automatically given by the charge of
the underlying quasiparticle or edge state, but (similarly
to above) by the detector - and that the choice of the
periodicity of Hsub (again, similar to sequential electron
tunneling) has measurable consequences in the geometric
phase defined along φ. In particular, if an experimenter
performs a subgap transport measurement by applying a
bias across a sharp interface, he will measure the super-
current response in units of Cooper pairs, requiring Hsub
to remain 2pi-periodic. That is, the periodicity of the
underlying spectrum is broken with respect to the Hamil-
tonian, indicating that the Cooper pair remains the un-
derlying unit of the supercurrent, which will once more
result in a nontrivially quantized geometric phase.
To visualize this at an example, let us consider the
Hamiltonian put forth by Fu and Kane [15], describing a
quantum spin Hall insulator (QSHI) proximitized by two
superconductors, separated by a small non-proximitized
patch, in the interval 0 < x < L,
H = −ivFσzτz∂x − µτz +M(x)σx
+∆θ(−x)τx + ∆θ(x− L)eiφτzτx ,
(31)
where σi and τi denote the left and right mover space of
the QSHI edge states and the Nambu space, respectively.
The term proportional to M(x) has a finite support only
within the interval 0 < x < L and denotes a magnetic im-
purity which allows the spin-locked edge states to scatter.
If we focus on the supercurrents (and neglect quasipar-
ticle contributions), we can find a Hamiltonian describ-
ing the subgap physics, acquires a 2pi periodic form from
Eq. (31) (for a derivation using Beenakker’s formula [94],
see Sec. S3 in [67])
Hsub(φ) =
∆
2
(
0 te
[
1 + eiφ
]
t∗e
[
1 + e−iφ
]
0
)
. (32)
For this Hamiltonian we find the eigenspectrum ±(χ) =
±∆|te|2 cos(φ/2). Obviously, the eigenspectrum has a
broken periodicity with respect to the Hamiltonian in
Eq. (32), which is in fact 2pi-periodic by construction, as
the phase is attached to only one of the superconduct-
ing contacts. However, could or should we have chosen a
different representation for H, respectively Hsub, for in-
stance with ∆e−iφ/2 on the left and ∆eiφ/2 on the right,
or any other combination? In analogy to the unitary
transformation of the kernel W , which expresses differ-
ent measurement schemes (e.g., measuring with different
probabilities p and 1 − p at the different contacts, see
Secs. II A and IIIA), we find that also here, the answer
depends on the measurement setup. Of course, as long
as the total phase drop across the two superconductors is
φ, any choice would provide the same energy eigenspec-
trum. But different choices change the periodicity of the
Hamiltonian. In particular, similarly to sequential elec-
tron tunneling, also here, the geometric phases picked up
in a parallel vector transport across φ would differ for the
different choices.
To fix the choice, we first consider how such a par-
allel vector transport is realized physically: namely, we
can apply a voltage bias across the junction, such that
φ→ φ(t) = φ0 + 2eV t. For sufficiently low voltages, the
state of the quantum circuit simply evolves adiabatically
along the same eigenvector, and picks up the geometric
phase. Consequently, the geometric phase depends on
where the voltage drops within the sample. To convince
ourselves that this conclusion does not break gauge in-
variance, note that there are in fact not two but three
terminals: in addtion to the two superconducting con-
tacts, the QSHI itself has a chemical potential of its own,
given by the term −µτz. Hence, there are two indepen-
dent chemical potential gradients, the one between the
left superconductor and the QSHI and one between the
QSHI and the right superconductor. Now we see that the
representation in Eq. (31) is the correct choice, if we align
the chemical potentials of both the left superconductor
and the QSHI, such that µ = 0, while biasing the right
superconductor with V . Here, Cooper pairs pick up the
phase difference φ at one sharp interface (that is, sharp
compared to L and the coherence length), which is the
interface between the QSHI and the right contact. We
thus restored the Cooper pair as the fundamental unit of
the supercurrent. The breaking of the 2pi-periodicity of
the eigenspectrum expresses the fact that we need two
consecutive tunneling events of Majorana fermions in or-
der to transport one Cooper pair, in the same way that
we need two consecutive sequential tunneling events in
the single quantum dot, in order for the detector state
to jump. And this charge mismatch is visible only, if the
supercurrent is measured across a sharp interface. It is in
this sense, that the fractionalization of charge is topolog-
ically of the same nature as in sequential tunneling. The
subtleties related to comparing a nonequilibrium, non-
hermitian system (described by W ), with a Hermitian
one (described by Hsub) will be discussed in a moment.
First however, note importantly, that the same
argument holds for the 8pi Josephson effect, which
emerges when many-body interactions (in particular
pair-backscattering) are present in the junction. The
many-body interactions can be included on the level of
Eq. (31) (of course in the appropriate many-body rep-
resentation, that is, see e.g., [19]), without changing the
periodicity of the Hamiltonian. Thus we get a generally
2pi-periodic Hamiltonian with an 8pi-periodic spectrum,
indicating that we need four consecutive parafermion
tunneling events to register the transport of one Cooper
pair. Note in particular, that for the 8pi Josephson ef-
fect, Zhang and Kane present a subgap Hamiltonian with
a periodicity of 8pi [19]. We on the other hand believe
that the periodicity of the Hamiltonian should be chosen
with care, taking into account the measurement setup -
in particular, if the voltage drop occurs along a precise
interface, the Hamiltonian should remain 2pi-periodic.
Crucially, once we have a description of the subgap
physics through an operator Hsub(φ) which is detached
from the continuum of states at energies ≥ ∆, the op-
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erator Hsub(φ) fulfils the exact same set of properties as
W (χ), which are needed to compute the product of gen-
eralized geometric phases Z given in Eq. (30), simply by
replacing χ with φ. Note that this renders our result of
Z very general, as it can describe the topology of the
subgap physics of quite generic Hamiltonians Hsub (e.g.,
including many-body interactions), as long as the eigen-
spectrum is discrete, and detached from the continuum.
As indicated above, we have to address some impor-
tant details related to comparing a nonequilibrium, non-
Hermitian system, with a Hermitian system. Namely,
while the kernel W has in general complex eigenvalues,
the spectrum ofHsub is of course real, since supercurrents
are an equilibrium property. Consequently, the connec-
tion of the latter to the braid group may not be obvi-
ous at first sight. As we show in Sec. S2.3 in [67], the
real spectrum with a crossing instead of a braid can be
understood as a merging of two exceptional points with
equal braid generator. Because the braid generators are
equal, they cannot annihilate, and the nontrivial topol-
ogy, including a nontrivial Z persists. Therefore, we find
the same Z for topological Josephson junctions, by re-
placing χ with φ, and restricting ourselves to Hermitian
operators. A nontrivial Z defined along φ indicates like-
wise the transport of a quasiparticle with a fractional
Cooper pair charge, measured by a supercurrent medi-
ated in units of integer Cooper pairs. In this sense, the
product of geometric phases Z demonstrates a profound
analogy between topological FCS in sequential electron
tunneling and the fractional Josephson effect in topolog-
ical superconducting junctions.
Note in addition that for sequential tunneling, no spe-
cial symmtries are required to be in the topological phase.
The only fundamental condition is a nonequilibrium bias,
allowing for a complex, braided eigenspectrum, whereas
in equilibrium the eigenspectrum of W is real and no
braiding can occur in general, as already pointed out
by [6] and in Sec. II B. Importantly, the same should also
hold for the subgap physics in Josephson junctions, which
are described through the Hermitian operator Hsub. The
reason that the periodicity can nonetheless be broken
on the level of the eigenspectrum of topological super-
conducting junctions, is that additional symmetries are
present which guarantee that the merging of braid gen-
erators remains stable. These symmetries are provided
by the topological QSHI weak link, and the presence of
magnetic impurities (for the 4pi Josephson effect [15]) or
the presence of pair-backscattering in the weak link (for
the 8pi effect [19, 20]). As we see, the fractional effect
in the Josephson junction relies on special symmetries,
while the one in sequential electron tunnling is protected
even in the absence of special symmetries, at the expense
of rendering the dynamics non-Hermitian (thanks to the
nonequilibrium bias).
In fact, this analogy opens up the possibility to sim-
ulate the topology of the fractional Josephson-effect by
means of regular electron transport. This idea thus falls
in line with a number of very recent proposals to im-
plement topological behavior known from the quantum
domain through (semi) classical dynamics, most notably
the study of geometric and topological effects in the dif-
fusion dynamics of polymers [43, 44], or also the im-
plementation of the Su-Schrieffer-Heeger (SSH) model
through single electron transistors [45]. In addition, we
emphasize that the here proposed simulator is potentially
more stable than the fractional Josephson effect itself.
In particular, since the Josephson effect relies on Cooper
pair physics, it is naturally susceptible to fermion par-
ity breaking due to quasiparticle tunneling [15, 46, 47].
The incoherent fractional effect on the other hand, as
discussed in Sec. II, is defined in terms of single elec-
tron transport, and thus by nature insensitive to parity
breaking.
IV. EXPERIMENTAL VERIFICATIONS AND
POSSIBLE APPLICATIONS
We have so far established the general concept of a
fractional charge in sequential electron transport and its
striking analogy to fractional charges in strongly corre-
lated systems. While the charges of transport are defined
through an analytic continuation of the eigenmodes of
the moment generating function m, the global proper-
ties of m are defined by the detector. We have then
established that the mismatch of fractional charges with
integer charge quantization lead to nontrivial geometric
phases defined in the eigenspace spanned by the opera-
tor that generates the system-detector dynamics. Here
we want to outline, how all these concepts can be veri-
fied experimentally, and how they could lead to possible
applications.
First, we will briefly indicate that close to special sym-
metry points, a quasi-Poissonian transport of fractional
charges can be measured by means of the lowest three
cumulants in the long measurement time limit. Then,
we argue that for a more general detection of fractional
charges we need to extract time-dependent information of
the detector, the waiting time distribution [60–66]. While
it is known that the latter provides the eigenmodes, we
here show that the waiting times provide also the geomet-
ric phases, and thus Z. We will furthermore comment on
the stability of the topological features with respect to
detector errors and backaction. Finally, we will provide
a concrete example how the braid phase transition in the
FCS can be used to perform measurements beyond the
detector resolution limit.
A. Experimental observation of ground state
fractional charge
First, let us revisit the single-level quantum dot model,
in order to propose concrete, feasible experiments to mea-
sure the fractional nature of the ground state charge,
when the transport statistics is acquired through a mea-
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surement of the current operator, that is, when measur-
ing individual cumulants Ck. As we have already in-
dicated in Sec. II B, the topological phase is favoured
when the transport is strongly biased in one direction,
e.g., from left to right, i.e., (µL − ) /kBT  1 and
(− µR) /kBT  1 (such that fL → 1 and fR → 0).
Secondly, the presence of the fractional charge depends
also strongly on the coupling asymmetry. The most sta-
ble topological phase is reached for sufficiently symmetric
coupling. In the regime of strong bias to the right, sym-
metric coupling corresponds to σΓL = ΓR. For strongly
asymmetric coupling on the other hand, either σΓL  ΓR
or σΓL  ΓR, the spectrum is always trivial.
Let us here focus on a special regime of highly symmet-
ric coupling. We will see now that the fractional charge
is accessible through measuring only the lowest few cu-
mulants. Namely, we find that the cumulant generating
function is given as
c (χ) ≈ γ
(
ei
χ
2 − 1
)
+ δγ
(
e−i
χ
2 − 1
)
, (33)
where the term proportional to γ = (σΓL + ΓR) /2 is the
leading term, and δγ  γ1 is the lowest order correc-
tion. The correction takes into account both small de-
viations from the exact tunnel coupling symmetry, and
small thermal excitations, fL ≈ 1 − δfL and fR ≈ δfR.
Taking the sum of these two corrections, we find δγ =
(σΓL − ΓR)2 / (8γ)+γ (σδfL + δfR/σ) /2. As we see, the
statistics given in Eq. (33) results in a nonequilibrium
transport statistics of ordinary electrons, which are indis-
tinguishable from an almost Poissonian transport statis-
tics with a fractional charge e∗/e = 1/2. The leading
term corresponds to the special limit which has already
been remarked by [81]. If the corrections were zero, it
would suffice to measure the current |I| = e2γ as well as
the noise S =
(
e
2
)2
γ, such that the Fano factor, as in-
troduced in Eq. (1), would provide us with a fractional
charge e∗/e = 1/2.
In general however, one cannot avoid having small de-
viations from this sweet spot of exact symmetry and per-
fect bias, and second term in Eq. (33) cannot be ne-
glected. Nonetheless, as we have argued at length in
Sec. II B, the fractional charge is of topological nature,
and thus protected against small perturbations. There-
fore, these small deviations from the exact Poissonian
limit do not destroy the fractional charge, but simply
render the observation of e∗/e less straightforward. In
order to detect it, we need the information of the higher
cumulants. In particular, for the nearly Poissian limit,
we need in addition the third cumulant. From Eq. (33),
we find that the relation between the cumulants is
Ck+1
eCk
≈ e
∗
e
[
1− 2δγ
γ
(−1)k
]
, (34)
up to first order in δγ. As we see, we have two indepen-
dent factors, the fractional charge e∗/e and the correction
factor δγ/γ. To read them both out, we need to have ac-
cess to the first, second, and third cumulants, in order
to create two independent ratios. We stress the very dif-
ferent nature of the two factors in Eq. (34). While e∗/e
is given by the topology and is thus precisely = 1/2 for
a large connected parameter subspace, the factor δγ/γ
depends on the device parameters. We therefore expect
it to be possible to test this result experimentally, e.g.,
through measuring the cumulants for different parame-
ter settings, and thus to demonstrate the topological ori-
gin of e∗/e. We are confident that such experiments are
within reach [49–58].
We note that in principle, the first term proportional
to γ would contain a renormalization of the same order as
δγ. This correction is however irrelevant when computing
the respective ratios of the cumulants, as in Eq. (34),
which is why we discarded it.
Finally, let us point out, that a similar regime can be
reached for the double quantum dot level, see Fig. 4. For
fL ≈ 1, fR ≈ 0, f(R − L) ≈ 1, and σΓL ≈ ΓLR ≈ ΓR,
we get a regime of Poissonian transport with a fractional
charge e/3.
Beyond this long-time Poissonian regime, the measure-
ment of e∗0 would theoretically involve going to in prin-
ciple arbitrary high cumulants, which seems unpracti-
cal. Moreover, for long measurement times, the decaying
bands are suppressed. In the section that follows now, we
will show how to measure ground state fractional charges
beyond the Poissonian regime, as well as the fractional
charges associated to higher, decaying bands.
B. Waiting time distribution and topology
In the existing literature, only indirect observations
of topological transitions in the FCS have been studied.
As we already stated earlier, in the limit of long mea-
surement times, τ → ∞, the moment generating func-
tion for the long-time limit, as defined, e.g., in Eq. (14),
is globally discontinuous in the topological phase. The
probing of nonanalytic behaviour of the cumulant gen-
erating function has been theoretically studied in Refs.
[25, 26, 95] and experimentally verified in Ref. [59]. Here,
the nonanalytic behaviour in c manifests as dynamical
Lee-Yang zeros, and their location can be extracted from
a finite (short) time measurement of high cumulants. Dis-
continuities in the cumulant generating function do how-
ever not unequivocally probe a broken periodicity. First
of all, note that no actual braid phase transition is re-
quired for Lee-Yang zeros to occur, see, e.g., Ref. [25]
where very different models were considered with a c
that is continuous with a discontinuous first derivative.
Within the specific context of sequential electron trans-
port, we can consider another simple generic example:
imagine two eigenmodes that do neither cross nor braid
in the complex plane, but where, within some connected
region in χ, the real parts of the two eigenvalues change
their order. At the points where the crossing appears, c is
consequently discontinuous even in the absence of a braid
topology. Secondly, even if the nonanalytic behaviour in-
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deed stems from a nontrivial eigenspectrum, the mere
presence of the discontinuity does not allow us to extract
the periodicity of the eigenspectrum. Nor does it provide
information about the decaying modes which may have
a nontrivial charge of their own, as we have elaborated
in the previous sections. Therefore we conclude, that in
order to measure fractional charges, be it for the station-
ary or decaying modes, we need the explicit information
of the eigenmodes of the detector dynamics.
As was shown in Ref. [61], the eigenspectrum ofW (χ)
is accessible through the waiting time distribution of the
detector, when recording single tunneling events. For the
sake of completeness, we here briefly reiterate the main
points. In a first step, to simplify the discussion, we
limit our consideration to kernels that can be expressed
as W (χ) = W0 + eiχW+1 + e−iχW−1. This form is
sufficient to fully describe sequential electron tunneling.
Next, we suppose that the parts of the kernel which give
rise to transport can be written as products of vectors
W+1 = w+ |+) (+| and W−1 = w− |−) (−|. The vector
|+) (|−)) is the state the system is in immediately after
a “click” of the detector which increases (decreases) the
detector state by one. Note that these states do not have
to be pure states. The maps (+| , (−| trace out all the
states the system can be in prior to the corresponding
click, weighted with the appropriate probability. Note
that in general (+| 6= |+)T , (−| 6= |−)T . The experimen-
tally measurable quantities are then the the probabilities
that time τ passes between the events i and j, (i|eW0τ |j),
where the indices can be i, j ∈ {0,+,−}. For instance
(±|eW0τ |0) is the probability that time τ passes for the
first click (either + or −) to occur, when starting out in
the stationary state. Similarly, (+|eW0τ |+) is the prob-
ability that time τ has elapsed between two + clicks,
without any other click occurring in between. Indepen-
dently, one has to measure the rates w± at which such
clicks occur. Beyond that, no further experimental input
will be needed to compute the desired quantities, as we
show in the remainder of this work.
Now we can formulate the time evolution of the system-
detector dynamics as follows. We start from the full time
evolution of the correlator
Gij (τ) = wi (i| eW (χ)τ |j) , (35)
with w0 = 1. Expanding the time-evolution in orders of
w±, we arrive at a Dyson-like equation of the form
Gij (τ) = gij (τ) + e
iχ
∑
k=±
ˆ τ
0
dtgik (τ − t)Gkj (t) ,
where the events that change the detector state corre-
spond to the vortices with the e±iχ prefactors. The
free correlator functions gij (t) = wi (i| eW0t |j) are re-
ferred to as the waiting time distributions, again with
i, j ∈ {0,+,−}.
Within this framework, the moment and cumulant
generating functions are computed through m(χ, τ) =
ec(χ,τ)τ = G00 (τ). In fact, in order to extract the eigen-
values λn (χ), it suffices to perform a transformation into
Laplace space, gij (z) =
´∞
0
dτe−zτgij (τ), and solving
Eq. (36) provides the condition
det
[(
g++ (z) g+− (z)
g−+ (z) g−− (z)
)−1
−
(
eiχ 0
0 e−iχ
)]
= 0 .
(36)
The set of z which satisfies this condition corresponds to
the eigenspectrum {λn (χ)}. That is, once the waiting
time distribution, in form of the correlators gij , is mea-
sured and analyzed in Laplace space, we have access to
the full spectrum and its topology, including the infor-
mation of the charge. Of course one remaining challenge
is the proposition of feasible experimental setups to ac-
tually measure the individual transport clicks. We will
present some ideas in Sec. IVD.
Finally, we note that to efficiently solve Eq. (36), we
can use the fact that W0 has an eigendecomposition of
its own, such that gij (t) =
∑
n gij,ne
lnt, where {ln} is
the eigenspectrum of W0. It then follows that gij (z) =∑
n gij,n (z − ln)−1, and consequently, solving Eq. (36),
eventually simplifies to finding the zeros of a polynomial.
On a practical side, fitting the experimentally observed
gij (t) by a sum of exponentials will necessarily come with
errors. As long as these errors are small, they cannot
pose a serious threat to the correct observation of the
topology. We will elaborate on this with more detail
as soon as we propose explicit experimental examples,
again, see Sec. II C.
For completeness, let us also mention a different
method to measure the transport statistics of higher
bands, proposed in Ref. [96]. In essence, the authors
showed that the long-time cumulant generating function,
c(χ,∞) = λ0 (χ), can be used to infer the λn>0 (χ) by
means of generalized factorial cumulants. This method
could therefore potentially be used to measure charges
of the higher, decaying bands. However, we expect that
we would yet again be limited to the nearly Poissonian
regime of fractional transport. Moreover, we see no obvi-
ous path toward finding the geometric phases of Eq. (30).
This is why we do not consider it in detail in this paper.
As we show now, the waiting times on the other hand
can provide said geometric phases.
C. Measuring geometric phases through waiting
time distribution
Crucially, as indicated above, with the information
provided by the waiting time distribution, we can not
only extract the eigenvalues of W (χ), but also the ge-
ometric properties of the eigenvectors. In order to ap-
preciate this fact, it is important to realize that within
the framework of waiting times, Eq. (36), the counting
field χ enters simply as an external parameter, while the
actual, experimentally measured input is captured in the
functions gij (t). That means, we can modify χ at will,
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including replacing it with a time-dependent function of
the form χ → ωt. We thus realize a time-dependent
parallel vector transport along χ-space. Performing an
adiabatic expansion of any Gij (τ), we find
Gij (τ) =
∑
n
e
´ τ
0
dt[λn,t−(nt|∂t|nt)] (i |nτ ) (n0| j)+O
[‖ω‖
‖λ‖
]
,
(37)
where the generalized geometric phase
´ τ
0
dt (nt| ∂t |nt)
appears, and the expansion parameter ‖ω‖ / ‖λ‖ is com-
posed of the ratio between a driving rate ‖ω‖ ∼
|(nt| ∂t |n′t)| and a rate associated to the gap between
eigenstates, ‖λ‖ ∼ |λn,t − λn′.t|, for n′ 6= n. Equation
(37) can be derived, starting from Eq. (35), along similar
lines as in Ref. [97]. A straightforward derivation can
be done when discretizing time space; in fact, Eq. (28)
already provides the geometric part of Eq. (37). The ad-
ditional dynamic prefactor e
´ τ
0
dtλn,t appears because the
time evolution of Gij is generated by the full W (χ), see
Eq. (35). Equation (37) demonstrates that we can access
the information about geometric phases by means of the
correlators gij , importantly not requiring any additional
effort on the experimental side apart from a measurement
of the waiting times.
As we have pointed out in Sec. III A, in order to extract
the geometric phase from Eq. (37), we need to close the
path in χ. To repeat, for an eigenspectrum with broken
2pi-periodicity, this means that for a given eigenvalue n,
we set τn = 2piω pn, such that we return to the original
eigenvector, |nτn) = |n0), and in this way, we receive the
phase e−
´ τn
0
dt(nt|∂t|nt) = e−
´ 2pipn
0
dχ(n(χ)|∂χ|n(χ)). Due to
the already discussed redundancy, we change to the no-
tation of the index of independent bands, ν. The de-
termination of the geometric phases and the topological
number Z, Eq. (30), is then straightforward. Since we
have the entire information of the different gij at dis-
posal, we can compute the full eigenspectrum λν(χ) for
all χ. Based on this information, we can identify the
individual contributions corresponding to a mode n (re-
spectively, ν) in the sum of Eq. (37). Finally, we can
eliminate the overlap functions (i |nτ ) (n0| j) by divid-
ing Gij(2pipν/ω) with Gij(0). According to Eq. (30) the
output from each mode ν is then multiplied. This proce-
dure will be explicitly worked out at an example in the
following section.
But before that, let us explain in more detail the notion
of a time-dependent counting field. Time-independent
counting fields provide the time-averaged current statis-
tics. Time-dependent counting fields, χ→ χ (t), formally
give access to time-resolved statistics [98]. To obtain in-
formation about a current measurement at a given time
t, one applies the functional derivative δ/δχ (t) to the cu-
mulant generating function. In this sense, in the standard
framework of time-resolved statistics, χ (t) is not actually
a mere function of t. Rather it is an assignment of a dif-
ferent counting field to each instance in time t. In order
to extract the geometric phase as proposed above, we
implement exactly this extra ingredient: with the above
procedure, we essentially measure the transport at each
time t, and then assign a specific value for χ (t) , χ→ ωt.
The function Gij can then be viewed as a correlation of
all measurements with this specific assignment. Thus the
here proposed procedure corresponds to a post-processing
of the transport information we obtained through the
measurement of the waiting-time distribution, which is
specifically designed to provide us with the generalized
geometric phase appearing in Eq. (37).
Let us note a final crucial point. As we indicated, the
derivation of Eq. (37) is done in analogy to Ref. [97],
which treats geometric phases in closed systems. How-
ever, there is an important difference to the open system
with a non-Hermitian matrix W (χ), which renders the
extraction of the geometric phase from above equation a
bit harder. The issue is, that even though ω can always
be chosen sufficiently small such that the expansion pa-
rameter ‖ω‖ / ‖λ‖ is  1 (provided that the spectrum
is always gapped), nonadiabatic correction can nonethe-
less become important, due to the prefactor e
´ τ
0
dtλn,t ,
or more specifically due to the eigenvalues λn having a
non-positive real part.
This fact becomes evident when considering the fol-
lowing. Suppose we start the time evolution at time
t = 0 in the stationary state |0 (χ = 0)). As time pro-
gresses, the dynamics stays mostly in the correspond-
ing eigenvector |0 (ωt)), apart from some small errors.
If however the spectrum is nontrivial, there will come
the moment, where another eigenvector, say |1 (ωt)),
will nominally become the new stationary state because
Reλ1 > Reλ0. When this happens, the errors which
are small in terms of the parameter ‖ω‖ / ‖λ‖, will re-
ceive a relative weight due to an exponential prefactor,
here e
´ τ
0
dt[λ1,t−λ0,t], which grows exponentially large over
time. This makes the adiabatic vector transport unsta-
ble. Moreover, if we perform the same expansion right
from the start in a decaying mode, say |1 (χ = 0)), the
same problem occurs even for a trivial spectrum, since
all but the stationary mode are being exponentially sup-
pressed. Due to this exponential growth, we should not
think of Eq. (37) as an actual approximation of Gij for
small driving frequency ω, but rather as a formal ex-
pansion in the parameter ‖ω‖ / ‖λ‖, without making any
statement about whether the higher orders are negligible
or not.
Importantly, this does not hinder us from extracting
the geometric phases through Eq. (37). The way out
has implicitly already been mentioned before. Namely,
as we stated already, through Eq. (36), we already have
the full information of the individual λn at each t at our
disposal. As a consequence, when computing Gij for a
time-dependent counting field, χ = ωt, it is possible to
filter out at any time t any specific band n, by identifying
it through its decay with λn (t). Therefore, the same
principle that is used to identify individual contributions
of the single modes, serves at the same time to correct
for unwanted transitions between bands. Once more, we
will show this is done in practice at the specific example
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which follows now.
D. Practical example of geometric phase
measurement and robustness with respect to errors
and backaction
In the previous sections, we demonstrated the basic
recipes of how the topology in FCS can be experimen-
tally accessed. In this section, we elaborate on how these
recipes can be implemented at a specific practical ex-
ample of a quantum point contact (QPC). We briefly
show the extent to which the observation of the frac-
tional charges, and the corresponding geometric phases,
are stable with respect measurement errors and detector
backaction.
As far as systematic errors are concerned, we have al-
ready commented on some aspects in Sec. II B. To re-
peat, in the quantum dot models we have dismissed lev-
els and charge states that are beyond the resonant en-
ergy window. Due to small temperatures, these states
are either mostly empty or mostly filled all the time,
and therefore provide small corrections to the current.
These small corrections manifest themselves in the spec-
trum of W (χ) as eigenvalues with only a very weak χ-
dependence. They can therefore be considered as topo-
logically inert eigenmodes, that do not partake in any
braid phase transition, and lead at most to small cor-
rections of the eigenspectrum. When accessing the de-
tector dynamics through waiting times, such inert eigen-
values will appear as small corrections in the measured
correlators gij(τ), and will likely remain undetected. To
give an example, suppose that there are two important
modes (just as in the single-level quantum dot), and a
potentially arbitrary number of modes with only weak
χ-dependence. Then, gij(τ) =
∑
n gij,ne
lnτ will have
two significant coefficients gij,0 and gij,1, and all other
coefficients |gij,n≥2|  |gij,0|, |gij,1|.
Similarly, detector backaction does not pose a signifi-
cant thread for the topology. Detector-induced dephas-
ing [99] is obviously of no concern in the here studied
purely classical dynamics. Apart from that, the QPC can
induce inelastic transitions in the quantum system due
to noise [100, 101]. However, as long as these processes
are improbable (which can be assured by appropriately
tuning the QPC parameters [100]), they cannot pose any
threat to the observation of the topological phases, as the
latter are by definition stable with respect to small vari-
ations of the parameters. Furthermore, a finite reaction
time of the QPC has been studied in [57], which is how-
ever at least one order of magnitude faster than the tun-
neling dynamics. This additional effect would give rise
to additional modes which are decaying very fast. Due
to this separation of time scale, such modes can likewise
not partake in a braid phase transition (see again our
discussion in Sec. II B).
Apart from that, there can also occur small errors due
to the specific measurement setup, as we will discuss now.
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<latexit sha1_base64="88UGAolwys1K86Drz+PcUlSxZpk=">AAAB6HicbVBNS8NAEJ 34WetX1aOXxSIIQklE/LgVvHisYmyhDWWznbRLN5uwuxFK6D/w4kHFqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dpaWV1bX1ksb5c2t7Z3dyt7+o04yxdBniUhUK6QaBZfoG24EtlKFN A4FNsPhzcRvPqHSPJEPZpRiENO+5BFn1Fjp/tTrVqpuzZ2CLBKvIFUo0OhWvjq9hGUxSsME1brtuakJcqoMZwLH5U6mMaVsSPvYtlTSGHWQTy8dk2Or9EiUKFvSkKn6eyKnsdajOLSdM TUDPe9NxP+8dmaiqyDnMs0MSjZbFGWCmIRM3iY9rpAZMbKEMsXtrYQNqKLM2HDKNgRv/uVF4p/Vrmvu3Xm1flGkUYJDOIIT8OAS6nALDfCBQQTP8ApvztB5cd6dj1nrklPMHMAfOJ8/ S2uMsQ==</latexit><latexit sha1_base64="88UGAolwys1K86Drz+PcUlSxZpk=">AAAB6HicbVBNS8NAEJ 34WetX1aOXxSIIQklE/LgVvHisYmyhDWWznbRLN5uwuxFK6D/w4kHFqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dpaWV1bX1ksb5c2t7Z3dyt7+o04yxdBniUhUK6QaBZfoG24EtlKFN A4FNsPhzcRvPqHSPJEPZpRiENO+5BFn1Fjp/tTrVqpuzZ2CLBKvIFUo0OhWvjq9hGUxSsME1brtuakJcqoMZwLH5U6mMaVsSPvYtlTSGHWQTy8dk2Or9EiUKFvSkKn6eyKnsdajOLSdM TUDPe9NxP+8dmaiqyDnMs0MSjZbFGWCmIRM3iY9rpAZMbKEMsXtrYQNqKLM2HDKNgRv/uVF4p/Vrmvu3Xm1flGkUYJDOIIT8OAS6nALDfCBQQTP8ApvztB5cd6dj1nrklPMHMAfOJ8/ S2uMsQ==</latexit><latexit sha1_base64="88UGAolwys1K86Drz+PcUlSxZpk=">AAAB6HicbVBNS8NAEJ 34WetX1aOXxSIIQklE/LgVvHisYmyhDWWznbRLN5uwuxFK6D/w4kHFqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dpaWV1bX1ksb5c2t7Z3dyt7+o04yxdBniUhUK6QaBZfoG24EtlKFN A4FNsPhzcRvPqHSPJEPZpRiENO+5BFn1Fjp/tTrVqpuzZ2CLBKvIFUo0OhWvjq9hGUxSsME1brtuakJcqoMZwLH5U6mMaVsSPvYtlTSGHWQTy8dk2Or9EiUKFvSkKn6eyKnsdajOLSdM TUDPe9NxP+8dmaiqyDnMs0MSjZbFGWCmIRM3iY9rpAZMbKEMsXtrYQNqKLM2HDKNgRv/uVF4p/Vrmvu3Xm1flGkUYJDOIIT8OAS6nALDfCBQQTP8ApvztB5cd6dj1nrklPMHMAfOJ8/ S2uMsQ==</latexit>
+1
<latexit sha1_base64="88UGAolwys1K86Drz+PcUlSxZpk=">AAAB6HicbVBNS8NAEJ 34WetX1aOXxSIIQklE/LgVvHisYmyhDWWznbRLN5uwuxFK6D/w4kHFqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dpaWV1bX1ksb5c2t7Z3dyt7+o04yxdBniUhUK6QaBZfoG24EtlKFN A4FNsPhzcRvPqHSPJEPZpRiENO+5BFn1Fjp/tTrVqpuzZ2CLBKvIFUo0OhWvjq9hGUxSsME1brtuakJcqoMZwLH5U6mMaVsSPvYtlTSGHWQTy8dk2Or9EiUKFvSkKn6eyKnsdajOLSdM TUDPe9NxP+8dmaiqyDnMs0MSjZbFGWCmIRM3iY9rpAZMbKEMsXtrYQNqKLM2HDKNgRv/uVF4p/Vrmvu3Xm1flGkUYJDOIIT8OAS6nALDfCBQQTP8ApvztB5cd6dj1nrklPMHMAfOJ8/ S2uMsQ==</latexit><latexit sha1_base64="88UGAolwys1K86Drz+PcUlSxZpk=">AAAB6HicbVBNS8NAEJ 34WetX1aOXxSIIQklE/LgVvHisYmyhDWWznbRLN5uwuxFK6D/w4kHFqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dpaWV1bX1ksb5c2t7Z3dyt7+o04yxdBniUhUK6QaBZfoG24EtlKFN A4FNsPhzcRvPqHSPJEPZpRiENO+5BFn1Fjp/tTrVqpuzZ2CLBKvIFUo0OhWvjq9hGUxSsME1brtuakJcqoMZwLH5U6mMaVsSPvYtlTSGHWQTy8dk2Or9EiUKFvSkKn6eyKnsdajOLSdM TUDPe9NxP+8dmaiqyDnMs0MSjZbFGWCmIRM3iY9rpAZMbKEMsXtrYQNqKLM2HDKNgRv/uVF4p/Vrmvu3Xm1flGkUYJDOIIT8OAS6nALDfCBQQTP8ApvztB5cd6dj1nrklPMHMAfOJ8/ S2uMsQ==</latexit><latexit sha1_base64="88UGAolwys1K86Drz+PcUlSxZpk=">AAAB6HicbVBNS8NAEJ 34WetX1aOXxSIIQklE/LgVvHisYmyhDWWznbRLN5uwuxFK6D/w4kHFqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dpaWV1bX1ksb5c2t7Z3dyt7+o04yxdBniUhUK6QaBZfoG24EtlKFN A4FNsPhzcRvPqHSPJEPZpRiENO+5BFn1Fjp/tTrVqpuzZ2CLBKvIFUo0OhWvjq9hGUxSsME1brtuakJcqoMZwLH5U6mMaVsSPvYtlTSGHWQTy8dk2Or9EiUKFvSkKn6eyKnsdajOLSdM TUDPe9NxP+8dmaiqyDnMs0MSjZbFGWCmIRM3iY9rpAZMbKEMsXtrYQNqKLM2HDKNgRv/uVF4p/Vrmvu3Xm1flGkUYJDOIIT8OAS6nALDfCBQQTP8ApvztB5cd6dj1nrklPMHMAfOJ8/ S2uMsQ==</latexit>
+1
<latexit sha1_base64="88UGAolwys1K86Drz+PcUlSxZpk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSIIQklE/LgVvHisYmyhDWWznbRLN5uwuxFK6D/w4kHFqz/Jm//GbZuDtj4YeLw3w8y8 MBVcG9f9dpaWV1bX1ksb5c2t7Z3dyt7+o04yxdBniUhUK6QaBZfoG24EtlKFNA4FNsPhzcRvPqHSPJEPZpRiENO+5BFn1Fjp/tTrVqpuzZ2CLBKvIFUo0OhWvjq9hGUxSsME1brtuakJcqoMZwLH5U6mMaVsSPvYtlTSGHWQTy8dk2Or9EiUKFvSkKn6eyKnsdajOLSdMTUDPe9NxP+8dmaiqyDnMs0MSjZbFGWCmIRM3iY9rpAZMbKEMsXtrYQNqKLM2HDKNgRv/uVF4p/Vrmvu3Xm1flGkUYJDOII T8OAS6nALDfCBQQTP8ApvztB5cd6dj1nrklPMHMAfOJ8/S2uMsQ==</latexit><latexit sha1_base64="88UGAolwys1K86Drz+PcUlSxZpk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSIIQklE/LgVvHisYmyhDWWznbRLN5uwuxFK6D/w4kHFqz/Jm//GbZuDtj4YeLw3w8y8 MBVcG9f9dpaWV1bX1ksb5c2t7Z3dyt7+o04yxdBniUhUK6QaBZfoG24EtlKFNA4FNsPhzcRvPqHSPJEPZpRiENO+5BFn1Fjp/tTrVqpuzZ2CLBKvIFUo0OhWvjq9hGUxSsME1brtuakJcqoMZwLH5U6mMaVsSPvYtlTSGHWQTy8dk2Or9EiUKFvSkKn6eyKnsdajOLSdMTUDPe9NxP+8dmaiqyDnMs0MSjZbFGWCmIRM3iY9rpAZMbKEMsXtrYQNqKLM2HDKNgRv/uVF4p/Vrmvu3Xm1flGkUYJDOII T8OAS6nALDfCBQQTP8ApvztB5cd6dj1nrklPMHMAfOJ8/S2uMsQ==</latexit><latexit sha1_base64="88UGAolwys1K86Drz+PcUlSxZpk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSIIQklE/LgVvHisYmyhDWWznbRLN5uwuxFK6D/w4kHFqz/Jm//GbZuDtj4YeLw3w8y8 MBVcG9f9dpaWV1bX1ksb5c2t7Z3dyt7+o04yxdBniUhUK6QaBZfoG24EtlKFNA4FNsPhzcRvPqHSPJEPZpRiENO+5BFn1Fjp/tTrVqpuzZ2CLBKvIFUo0OhWvjq9hGUxSsME1brtuakJcqoMZwLH5U6mMaVsSPvYtlTSGHWQTy8dk2Or9EiUKFvSkKn6eyKnsdajOLSdMTUDPe9NxP+8dmaiqyDnMs0MSjZbFGWCmIRM3iY9rpAZMbKEMsXtrYQNqKLM2HDKNgRv/uVF4p/Vrmvu3Xm1flGkUYJDOII T8OAS6nALDfCBQQTP8ApvztB5cd6dj1nrklPMHMAfOJ8/S2uMsQ==</latexit>
QPC
<latexit sha1_base64="fzYXAfRSKls2xQ4CcwyaxRtujMI=">AAAB8HicbV BNS8NAEN34WetX1aOXxSJ4KqmIH7dCLx5bMLbYhrLZTtqlm03YnYgl9F948aDi1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHB4b+JUc /B4LGPdDpgBKRR4KFBCO9HAokBCKxjVp37rEbQRsbrDcQJ+xAZKhIIztNJDF+EJs2ajPumVym7FnYEuk2pOyiRHo1f66vZjnkagkEtmTKfqJuhnTKPgEibFbmog YXzEBtCxVLEIjJ/NLp7QU6v0aRhrWwrpTP09kbHImHEU2M6I4dAselPxP6+TYnjtZ0IlKYLi80VhKinGdPo+7QsNHOXYEsa1sLdSPmSacbQhFW0I1cWXl4l3Xrmp uM2Lcu0yT6NAjskJOSNVckVq5JY0iEc4UeSZvJI3xzgvzrvzMW9dcfKZI/IHzucPAeGQog==</latexit><latexit sha1_base64="fzYXAfRSKls2xQ4CcwyaxRtujMI=">AAAB8HicbV BNS8NAEN34WetX1aOXxSJ4KqmIH7dCLx5bMLbYhrLZTtqlm03YnYgl9F948aDi1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHB4b+JUc /B4LGPdDpgBKRR4KFBCO9HAokBCKxjVp37rEbQRsbrDcQJ+xAZKhIIztNJDF+EJs2ajPumVym7FnYEuk2pOyiRHo1f66vZjnkagkEtmTKfqJuhnTKPgEibFbmog YXzEBtCxVLEIjJ/NLp7QU6v0aRhrWwrpTP09kbHImHEU2M6I4dAselPxP6+TYnjtZ0IlKYLi80VhKinGdPo+7QsNHOXYEsa1sLdSPmSacbQhFW0I1cWXl4l3Xrmp uM2Lcu0yT6NAjskJOSNVckVq5JY0iEc4UeSZvJI3xzgvzrvzMW9dcfKZI/IHzucPAeGQog==</latexit><latexit sha1_base64="fzYXAfRSKls2xQ4CcwyaxRtujMI=">AAAB8HicbV BNS8NAEN34WetX1aOXxSJ4KqmIH7dCLx5bMLbYhrLZTtqlm03YnYgl9F948aDi1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHB4b+JUc /B4LGPdDpgBKRR4KFBCO9HAokBCKxjVp37rEbQRsbrDcQJ+xAZKhIIztNJDF+EJs2ajPumVym7FnYEuk2pOyiRHo1f66vZjnkagkEtmTKfqJuhnTKPgEibFbmog YXzEBtCxVLEIjJ/NLp7QU6v0aRhrWwrpTP09kbHImHEU2M6I4dAselPxP6+TYnjtZ0IlKYLi80VhKinGdPo+7QsNHOXYEsa1sLdSPmSacbQhFW0I1cWXl4l3Xrmp uM2Lcu0yT6NAjskJOSNVckVq5JY0iEc4UeSZvJI3xzgvzrvzMW9dcfKZI/IHzucPAeGQog==</latexit>(a)
<latexit sha1_base64="7niqcJqkaZHimpOfvA+4nuHzLDA=">AAAB8Hicb VBNS8NAEN34WetX1aOXxSLUS0lF/LgVvHisYGyxDWWznbRLN5uwOxFL6L/w4kHFqz/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O0vLK6tr64WN4ubW9s5uaW//3 sSp5uDxWMa6FTADUijwUKCEVqKBRYGEZjC8nvjNR9BGxOoORwn4EesrEQrO0EoPHYQnzCrsZNwtld2qOwVdJLWclEmORrf01enFPI1AIZfMmHbNTdDPmEbBJY yLndRAwviQ9aFtqWIRGD+bXjymx1bp0TDWthTSqfp7ImORMaMosJ0Rw4GZ9ybif147xfDSz4RKUgTFZ4vCVFKM6eR92hMaOMqRJYxrYW+lfMA042hDKtoQav MvLxLvtHpVdW/PyvXzPI0COSRHpEJq5ILUyQ1pEI9wosgzeSVvjnFenHfnY9a65OQzB+QPnM8ftcmQcA==</latexit><latexit sha1_base64="7niqcJqkaZHimpOfvA+4nuHzLDA=">AAAB8Hicb VBNS8NAEN34WetX1aOXxSLUS0lF/LgVvHisYGyxDWWznbRLN5uwOxFL6L/w4kHFqz/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O0vLK6tr64WN4ubW9s5uaW//3 sSp5uDxWMa6FTADUijwUKCEVqKBRYGEZjC8nvjNR9BGxOoORwn4EesrEQrO0EoPHYQnzCrsZNwtld2qOwVdJLWclEmORrf01enFPI1AIZfMmHbNTdDPmEbBJY yLndRAwviQ9aFtqWIRGD+bXjymx1bp0TDWthTSqfp7ImORMaMosJ0Rw4GZ9ybif147xfDSz4RKUgTFZ4vCVFKM6eR92hMaOMqRJYxrYW+lfMA042hDKtoQav MvLxLvtHpVdW/PyvXzPI0COSRHpEJq5ILUyQ1pEI9wosgzeSVvjnFenHfnY9a65OQzB+QPnM8ftcmQcA==</latexit><latexit sha1_base64="7niqcJqkaZHimpOfvA+4nuHzLDA=">AAAB8Hicb VBNS8NAEN34WetX1aOXxSLUS0lF/LgVvHisYGyxDWWznbRLN5uwOxFL6L/w4kHFqz/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O0vLK6tr64WN4ubW9s5uaW//3 sSp5uDxWMa6FTADUijwUKCEVqKBRYGEZjC8nvjNR9BGxOoORwn4EesrEQrO0EoPHYQnzCrsZNwtld2qOwVdJLWclEmORrf01enFPI1AIZfMmHbNTdDPmEbBJY yLndRAwviQ9aFtqWIRGD+bXjymx1bp0TDWthTSqfp7ImORMaMosJ0Rw4GZ9ybif147xfDSz4RKUgTFZ4vCVFKM6eR92hMaOMqRJYxrYW+lfMA042hDKtoQav MvLxLvtHpVdW/PyvXzPI0COSRHpEJq5ILUyQ1pEI9wosgzeSVvjnFenHfnY9a65OQzB+QPnM8ftcmQcA==</latexit>
(b)
<latexit sha1_base64="cB64NSSEFO2IxbDkg6qYlaBphUw=">AAAB8HicbVBN S8NAEN34WetX1aOXxSLUS0lF/LgVvHisYGyxDWWznbRLN5uwOxFL6L/w4kHFqz/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O0vLK6tr64WN4ubW9s5uaW//3sSp5uDxWMa 6FTADUijwUKCEVqKBRYGEZjC8nvjNR9BGxOoORwn4EesrEQrO0EoPHYQnzCrBybhbKrtVdwq6SGo5KZMcjW7pq9OLeRqBQi6ZMe2am6CfMY2CSxgXO6mBhPEh60PbUs UiMH42vXhMj63So2GsbSmkU/X3RMYiY0ZRYDsjhgMz703E/7x2iuGlnwmVpAiKzxaFqaQY08n7tCc0cJQjSxjXwt5K+YBpxtGGVLQh1OZfXiTeafWq6t6elevneRoF ckiOSIXUyAWpkxvSIB7hRJFn8kreHOO8OO/Ox6x1yclnDsgfOJ8/t06QcQ==</latexit><latexit sha1_base64="cB64NSSEFO2IxbDkg6qYlaBphUw=">AAAB8HicbVBN S8NAEN34WetX1aOXxSLUS0lF/LgVvHisYGyxDWWznbRLN5uwOxFL6L/w4kHFqz/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O0vLK6tr64WN4ubW9s5uaW//3sSp5uDxWMa 6FTADUijwUKCEVqKBRYGEZjC8nvjNR9BGxOoORwn4EesrEQrO0EoPHYQnzCrBybhbKrtVdwq6SGo5KZMcjW7pq9OLeRqBQi6ZMe2am6CfMY2CSxgXO6mBhPEh60PbUs UiMH42vXhMj63So2GsbSmkU/X3RMYiY0ZRYDsjhgMz703E/7x2iuGlnwmVpAiKzxaFqaQY08n7tCc0cJQjSxjXwt5K+YBpxtGGVLQh1OZfXiTeafWq6t6elevneRoF ckiOSIXUyAWpkxvSIB7hRJFn8kreHOO8OO/Ox6x1yclnDsgfOJ8/t06QcQ==</latexit><latexit sha1_base64="cB64NSSEFO2IxbDkg6qYlaBphUw=">AAAB8HicbVBN S8NAEN34WetX1aOXxSLUS0lF/LgVvHisYGyxDWWznbRLN5uwOxFL6L/w4kHFqz/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O0vLK6tr64WN4ubW9s5uaW//3sSp5uDxWMa 6FTADUijwUKCEVqKBRYGEZjC8nvjNR9BGxOoORwn4EesrEQrO0EoPHYQnzCrBybhbKrtVdwq6SGo5KZMcjW7pq9OLeRqBQi6ZMe2am6CfMY2CSxgXO6mBhPEh60PbUs UiMH42vXhMj63So2GsbSmkU/X3RMYiY0ZRYDsjhgMz703E/7x2iuGlnwmVpAiKzxaFqaQY08n7tCc0cJQjSxjXwt5K+YBpxtGGVLQh1OZfXiTeafWq6t6elevneRoF ckiOSIXUyAWpkxvSIB7hRJFn8kreHOO8OO/Ox6x1yclnDsgfOJ8/t06QcQ==</latexit>
R
<latexit sha1_base64="ropqHckE/EfRFssQ5RpXeLVs/aM=">AAAB7nicbVBNS 8NAEJ3Ur1q/qh69LBbBU0lF/LgVvHisYmyhDWWz3bRLN5u4OxFL6J/w4kHFq7/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4Wl5ZXVteJ6aWNza3unvLt3b+JUM+6xWMa6F VDDpVDcQ4GStxLNaRRI3gyGVxO/+ci1EbG6w1HC/Yj2lQgFo2ilVgf5E2a342654lbdKcgiqeWkAjka3fJXpxezNOIKmaTGtGtugn5GNQom+bjUSQ1PKBvSPm9bqmjEjZ 9N7x2TI6v0SBhrWwrJVP09kdHImFEU2M6I4sDMexPxP6+dYnjhZ0IlKXLFZovCVBKMyeR50hOaM5QjSyjTwt5K2IBqytBGVLIh1OZfXiTeSfWy6t6cVupneRpFOIBDOI YanEMdrqEBHjCQ8Ayv8OY8OC/Ou/Mxay04+cw+/IHz+QPUbY/8</latexit><latexit sha1_base64="ropqHckE/EfRFssQ5RpXeLVs/aM=">AAAB7nicbVBNS 8NAEJ3Ur1q/qh69LBbBU0lF/LgVvHisYmyhDWWz3bRLN5u4OxFL6J/w4kHFq7/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4Wl5ZXVteJ6aWNza3unvLt3b+JUM+6xWMa6F VDDpVDcQ4GStxLNaRRI3gyGVxO/+ci1EbG6w1HC/Yj2lQgFo2ilVgf5E2a342654lbdKcgiqeWkAjka3fJXpxezNOIKmaTGtGtugn5GNQom+bjUSQ1PKBvSPm9bqmjEjZ 9N7x2TI6v0SBhrWwrJVP09kdHImFEU2M6I4sDMexPxP6+dYnjhZ0IlKXLFZovCVBKMyeR50hOaM5QjSyjTwt5K2IBqytBGVLIh1OZfXiTeSfWy6t6cVupneRpFOIBDOI YanEMdrqEBHjCQ8Ayv8OY8OC/Ou/Mxay04+cw+/IHz+QPUbY/8</latexit><latexit sha1_base64="ropqHckE/EfRFssQ5RpXeLVs/aM=">AAAB7nicbVBNS 8NAEJ3Ur1q/qh69LBbBU0lF/LgVvHisYmyhDWWz3bRLN5u4OxFL6J/w4kHFq7/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4Wl5ZXVteJ6aWNza3unvLt3b+JUM+6xWMa6F VDDpVDcQ4GStxLNaRRI3gyGVxO/+ci1EbG6w1HC/Yj2lQgFo2ilVgf5E2a342654lbdKcgiqeWkAjka3fJXpxezNOIKmaTGtGtugn5GNQom+bjUSQ1PKBvSPm9bqmjEjZ 9N7x2TI6v0SBhrWwrJVP09kdHImFEU2M6I4sDMexPxP6+dYnjhZ0IlKXLFZovCVBKMyeR50hOaM5QjSyjTwt5K2IBqytBGVLIh1OZfXiTeSfWy6t6cVupneRpFOIBDOI YanEMdrqEBHjCQ8Ayv8OY8OC/Ou/Mxay04+cw+/IHz+QPUbY/8</latexit>
R
<latexit sha1_base64="ropqHckE/EfRFssQ5RpXeLVs/aM=">AAAB7nic bVBNS8NAEJ3Ur1q/qh69LBbBU0lF/LgVvHisYmyhDWWz3bRLN5u4OxFL6J/w4kHFq7/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4Wl5ZXVteJ6aWNza3unvL t3b+JUM+6xWMa6FVDDpVDcQ4GStxLNaRRI3gyGVxO/+ci1EbG6w1HC/Yj2lQgFo2ilVgf5E2a342654lbdKcgiqeWkAjka3fJXpxezNOIKmaTGtGtugn5GN Qom+bjUSQ1PKBvSPm9bqmjEjZ9N7x2TI6v0SBhrWwrJVP09kdHImFEU2M6I4sDMexPxP6+dYnjhZ0IlKXLFZovCVBKMyeR50hOaM5QjSyjTwt5K2IBqytBG VLIh1OZfXiTeSfWy6t6cVupneRpFOIBDOIYanEMdrqEBHjCQ8Ayv8OY8OC/Ou/Mxay04+cw+/IHz+QPUbY/8</latexit><latexit sha1_base64="ropqHckE/EfRFssQ5RpXeLVs/aM=">AAAB7nic bVBNS8NAEJ3Ur1q/qh69LBbBU0lF/LgVvHisYmyhDWWz3bRLN5u4OxFL6J/w4kHFq7/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4Wl5ZXVteJ6aWNza3unvL t3b+JUM+6xWMa6FVDDpVDcQ4GStxLNaRRI3gyGVxO/+ci1EbG6w1HC/Yj2lQgFo2ilVgf5E2a342654lbdKcgiqeWkAjka3fJXpxezNOIKmaTGtGtugn5GN Qom+bjUSQ1PKBvSPm9bqmjEjZ9N7x2TI6v0SBhrWwrJVP09kdHImFEU2M6I4sDMexPxP6+dYnjhZ0IlKXLFZovCVBKMyeR50hOaM5QjSyjTwt5K2IBqytBG VLIh1OZfXiTeSfWy6t6cVupneRpFOIBDOIYanEMdrqEBHjCQ8Ayv8OY8OC/Ou/Mxay04+cw+/IHz+QPUbY/8</latexit><latexit sha1_base64="ropqHckE/EfRFssQ5RpXeLVs/aM=">AAAB7nic bVBNS8NAEJ3Ur1q/qh69LBbBU0lF/LgVvHisYmyhDWWz3bRLN5u4OxFL6J/w4kHFq7/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4Wl5ZXVteJ6aWNza3unvL t3b+JUM+6xWMa6FVDDpVDcQ4GStxLNaRRI3gyGVxO/+ci1EbG6w1HC/Yj2lQgFo2ilVgf5E2a342654lbdKcgiqeWkAjka3fJXpxezNOIKmaTGtGtugn5GN Qom+bjUSQ1PKBvSPm9bqmjEjZ9N7x2TI6v0SBhrWwrJVP09kdHImFEU2M6I4sDMexPxP6+dYnjhZ0IlKXLFZovCVBKMyeR50hOaM5QjSyjTwt5K2IBqytBG VLIh1OZfXiTeSfWy6t6cVupneRpFOIBDOIYanEMdrqEBHjCQ8Ayv8OY8OC/Ou/Mxay04+cw+/IHz+QPUbY/8</latexit>
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Figure 7. (a) Measurement scheme to read-out the FCS of a
single-level quantum dot. A quantum point contact (QPC) is
capacitively coupled to the dot in order to time-dependently
resolve the charge state. We assume a setup in which the
chemical potentials are biased such that an electron entering
the dot comes most likely from the left reservoir, whereas the
electron leaves most likely to the right. (b) The current in
the QPC as a function of time. Depending on the charge
state on the quantum dot, the current is either reduced (filled
dot) or not (empty). Since we are interested in the transport
statistics into the right lead, we discard the charging events,
and only record the decharging events. That is, each time
the QPC current rises, we increase the detector state by one
(indicated with the green, dashed line).
For the sake of concreteness, we consider again the sim-
ple single-level quantum dot model from Sec. II B, adding
an explicit detector scheme. Since we believe that an
actual measurement of electrons leaving or entering the
right lead could be experimentally challenging, we pro-
pose to use a highly simplified measurement setup with
a quantum point contact (QPC) capacitively coupled to
the quantum dot, see Fig. 7a, as it has been deployed in
Ref. [57]. The current flowing through the QPC is sensi-
tive to the charge state of the quantum dot, see Fig. 7b.
In the chosen example, the QPC has per se no direct
means to distinguish the direction in which an electron
tunnels. However, we can consider a regime where the
chemical potentials are biased such that the charging and
decharging events can with very high probability be asso-
ciated to a charge transfer from the left, and to the right,
respectively. In order to evaluate the transport statis-
tics to the right, we can thus discard the charging events
monitored by the QPC and only record the decharging
events (as shown in Fig. 7b). In this way, the detector
will miss the very unlikely events of thermal excitation of
electrons against the bias, which thus represents a first
(small) source of measurement errors.
Consequently, the kernel defined in Eq. (10) has to be
replaced by the new kernel
WQPC (χ) =
∑
α
( −2Γαfα Γα [1− fα] eiχ
2Γαfα −Γα [1− fα]
)
, (38)
that is, we measure the topology of WQPC rather than
W from Eq. (10). For the extreme limit fL → 1 and
fR → 0, WQPC (χ) reduces to Eq. (10), thus, WQPC (χ)
and W (χ) are equivalent. For finite thermal processes,
the two differ slightly.
Along the lines of Sec. IVB, we can extract the eigen-
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values λn (χ) of WQPC (χ) and the topology of the eigen-
spectrum through measuring the waiting time distri-
bution between two decharging events, g++ (t). Since
we have only the addition of charges to the right lead
as a measured transport event, Eq. (36) simplifies to
g−1++ (z)− eiχ = 0, to determine λn (χ).
In addition, we may determine the geometric phase due
to a parallel vector transport, as introduced previously in
Sec. IVC. For this simple example, we now present the
strategy to filter out a specific band, in order to avoid
the adiabatic instability problem mentioned in Sec. IVC.
To this end, we take the entire time interval τ , and dis-
cretise it, τ = ∆t0 + ∆t1 + . . . + ∆tM . For each time
interval ∆tm, where m is integer and 0 ≤ m ≤ M , we
assign a constant counting field χm. This enables us to
solve Eq. (36) piecewise exactly. We demonstrate the full
derivation in Sec. S4 in [67]. Here we merely recapitu-
late the main steps. Note that we focus on G++, since
it is the only relevant correlator for the here considered
detection scheme.
As it turns out, it is particularly useful to
transform to Laplace space for each time inter-
val. We define the operator for this transforma-
tion as LM =
∏M
m=0
´∞
0
d∆tme
−z∆tm . This en-
ables us to find a closed form for G++ (z0, z1, . . .) =
LMG++ (∆t0,∆t1, . . .). Now, the crucial step fol-
lows. We can compute the geometric phase as
Bν = g
−1
++[λν(0)]
∏M
m=0 [zm − λν (χm)]G++ (z0, z1, . . .)
and subsequently take the limit of zm → λν (χm). In
this way we filter out the contribution of the band of
interest, ν, avoiding the instability occuring in the adi-
abatic time evolution. In the present example, we find
that for ν = 0 the geometric phase B0 = e−
´ 2pip0
0 dχ(0|∂χ|0)
is given as (see Sec. S4)
B0 = g−1++ [λ0 (0)] lim
M→∞
M−1∏
m=0
g++ [λ0 (χm) , λ0 (χm+1)]
× eiχm [λ0 (χm)− l0] [λ0 (χm)− l1]
λ0 (χm)− λ0 (χm + 2pi) , (39)
with χm = 2pip0m/M , and g++ (z, z′) =∑
n=0,1 g++,n (z − ln)−1 (z′ − ln)−1. Importantly,
Eq. (39) explicitly shows that B0 can be expressed fully
in terms of the function g++ (z) and the eigenvalues l0,1
of W0, and is consequently directly accessible through
the Laplace analysis of the waiting time distribution.
In Fig. 8, we show the result of B0, as a function of ΓL.
That is, we assume that the experimenter can modify the
tunnel coupling to at least one of the leads, and for each
constellation of ΓL/ΓR, evaluates the waiting time distri-
bution of the detector. The red dashed line shows B0 for
the original model given in Eq. (10), i.e., assuming ideal
measurement. In Fig. 8a, the black line corresponds to
B0 for the simplified measurement scheme with the QPC,
described in above Eq. (38), and evaluated through the
waiting time distribution, according to Eq. (39). Firstly,
we observe that B0 evaluated through waiting times re-
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4.0
<latexit sha1_base64="Q2lDWh/0XBcSP6LtH/3QGhbNYOI=">AAAB6Xic bVBNS8NAEJ3Ur1q/qh69LBbBU0hE/LgVvHisaGyhDWWznbRLN5uwuxFK6U/w4kHFq//Im//GbZuDtj4YeLw3w8y8KBNcG8/7dkorq2vrG+XNytb2zu5edf /gUae5YhiwVKSqFVGNgksMDDcCW5lCmkQCm9HwZuo3n1BpnsoHM8owTGhf8pgzaqx0f+563WrNc70ZyDLxC1KDAo1u9avTS1meoDRMUK3bvpeZcEyV4Uzg pNLJNWaUDWkf25ZKmqAOx7NTJ+TEKj0Sp8qWNGSm/p4Y00TrURLZzoSagV70puJ/Xjs38VU45jLLDUo2XxTngpiUTP8mPa6QGTGyhDLF7a2EDaiizNh0Kj YEf/HlZRKcudeud3deq18UaZThCI7hFHy4hDrcQgMCYNCHZ3iFN0c4L8678zFvLTnFzCH8gfP5A8JdjPE=</latexit><latexit sha1_base64="Q2lDWh/0XBcSP6LtH/3QGhbNYOI=">AAAB6Xic bVBNS8NAEJ3Ur1q/qh69LBbBU0hE/LgVvHisaGyhDWWznbRLN5uwuxFK6U/w4kHFq//Im//GbZuDtj4YeLw3w8y8KBNcG8/7dkorq2vrG+XNytb2zu5edf /gUae5YhiwVKSqFVGNgksMDDcCW5lCmkQCm9HwZuo3n1BpnsoHM8owTGhf8pgzaqx0f+563WrNc70ZyDLxC1KDAo1u9avTS1meoDRMUK3bvpeZcEyV4Uzg pNLJNWaUDWkf25ZKmqAOx7NTJ+TEKj0Sp8qWNGSm/p4Y00TrURLZzoSagV70puJ/Xjs38VU45jLLDUo2XxTngpiUTP8mPa6QGTGyhDLF7a2EDaiizNh0Kj YEf/HlZRKcudeud3deq18UaZThCI7hFHy4hDrcQgMCYNCHZ3iFN0c4L8678zFvLTnFzCH8gfP5A8JdjPE=</latexit><latexit sha1_base64="Q2lDWh/0XBcSP6LtH/3QGhbNYOI=">AAAB6Xic bVBNS8NAEJ3Ur1q/qh69LBbBU0hE/LgVvHisaGyhDWWznbRLN5uwuxFK6U/w4kHFq//Im//GbZuDtj4YeLw3w8y8KBNcG8/7dkorq2vrG+XNytb2zu5edf /gUae5YhiwVKSqFVGNgksMDDcCW5lCmkQCm9HwZuo3n1BpnsoHM8owTGhf8pgzaqx0f+563WrNc70ZyDLxC1KDAo1u9avTS1meoDRMUK3bvpeZcEyV4Uzg pNLJNWaUDWkf25ZKmqAOx7NTJ+TEKj0Sp8qWNGSm/p4Y00TrURLZzoSagV70puJ/Xjs38VU45jLLDUo2XxTngpiUTP8mPa6QGTGyhDLF7a2EDaiizNh0Kj YEf/HlZRKcudeud3deq18UaZThCI7hFHy4hDrcQgMCYNCHZ3iFN0c4L8678zFvLTnFzCH8gfP5A8JdjPE=</latexit>
5.0
<latexit sha1_base64="SP1jdnt4/N/JdxaWkrJ09lAY2V4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0jEz1vBi8eKxhbaUDbbbbt0swm7E6GE/gQ vHlS8+o+8+W/ctjlo9cHA470ZZuZFqRQGPe/LKS0tr6yuldcrG5tb2zvV3b0Hk2Sa8YAlMtGtiBouheIBCpS8lWpO40jyZjS6nvrNR66NSNQ9jlMexnSgRF8wila6O3O9brXmud4M5C/xC1KDAo1u9bPTS1gWc4VMUmPavpdimFONgkk+qXQyw1PKRnTA25YqGnMT5rNTJ+TIKj3ST7QthWSm/pzIaWzMOI5sZ0xxaBa 9qfif186wfxnmQqUZcsXmi/qZJJiQ6d+kJzRnKMeWUKaFvZWwIdWUoU2nYkPwF1/+S4IT98r1bk9r9fMijTIcwCEcgw8XUIcbaEAADAbwBC/w6kjn2Xlz3uetJaeY2YdfcD6+AcPijPI=</latexit><latexit sha1_base64="SP1jdnt4/N/JdxaWkrJ09lAY2V4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0jEz1vBi8eKxhbaUDbbbbt0swm7E6GE/gQ vHlS8+o+8+W/ctjlo9cHA470ZZuZFqRQGPe/LKS0tr6yuldcrG5tb2zvV3b0Hk2Sa8YAlMtGtiBouheIBCpS8lWpO40jyZjS6nvrNR66NSNQ9jlMexnSgRF8wila6O3O9brXmud4M5C/xC1KDAo1u9bPTS1gWc4VMUmPavpdimFONgkk+qXQyw1PKRnTA25YqGnMT5rNTJ+TIKj3ST7QthWSm/pzIaWzMOI5sZ0xxaBa 9qfif186wfxnmQqUZcsXmi/qZJJiQ6d+kJzRnKMeWUKaFvZWwIdWUoU2nYkPwF1/+S4IT98r1bk9r9fMijTIcwCEcgw8XUIcbaEAADAbwBC/w6kjn2Xlz3uetJaeY2YdfcD6+AcPijPI=</latexit><latexit sha1_base64="SP1jdnt4/N/JdxaWkrJ09lAY2V4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0jEz1vBi8eKxhbaUDbbbbt0swm7E6GE/gQ vHlS8+o+8+W/ctjlo9cHA470ZZuZFqRQGPe/LKS0tr6yuldcrG5tb2zvV3b0Hk2Sa8YAlMtGtiBouheIBCpS8lWpO40jyZjS6nvrNR66NSNQ9jlMexnSgRF8wila6O3O9brXmud4M5C/xC1KDAo1u9bPTS1gWc4VMUmPavpdimFONgkk+qXQyw1PKRnTA25YqGnMT5rNTJ+TIKj3ST7QthWSm/pzIaWzMOI5sZ0xxaBa 9qfif186wfxnmQqUZcsXmi/qZJJiQ6d+kJzRnKMeWUKaFvZWwIdWUoU2nYkPwF1/+S4IT98r1bk9r9fMijTIcwCEcgw8XUIcbaEAADAbwBC/w6kjn2Xlz3uetJaeY2YdfcD6+AcPijPI=</latexit>
 1<latexit sha1_base64="FJCXhAoqTihEe5BbCMpTEyH12bk=">AAAB6Hic bVBNS8NAEJ34WetX1aOXxSJ4sSQiftwKXjxWMbbQhrLZTtqlm03Y3Qgl9B948aDi1Z/kzX/jts1BWx8MPN6bYWZemAqujet+O0vLK6tr66WN8ubW9s5uZW //USeZYuizRCSqFVKNgkv0DTcCW6lCGocCm+HwZuI3n1BpnsgHM0oxiGlf8ogzaqx0f+p1K1W35k5BFolXkCoUaHQrX51ewrIYpWGCat323NQEOVWGM4Hj cifTmFI2pH1sWyppjDrIp5eOybFVeiRKlC1pyFT9PZHTWOtRHNrOmJqBnvcm4n9eOzPRVZBzmWYGJZstijJBTEImb5MeV8iMGFlCmeL2VsIGVFFmbDhlG4 I3//Ii8c9q1zX37rxavyjSKMEhHMEJeHAJdbiFBvjAIIJneIU3Z+i8OO/Ox6x1ySlmDuAPnM8fTnOMsw==</latexit><latexit sha1_base64="FJCXhAoqTihEe5BbCMpTEyH12bk=">AAAB6Hic bVBNS8NAEJ34WetX1aOXxSJ4sSQiftwKXjxWMbbQhrLZTtqlm03Y3Qgl9B948aDi1Z/kzX/jts1BWx8MPN6bYWZemAqujet+O0vLK6tr66WN8ubW9s5uZW //USeZYuizRCSqFVKNgkv0DTcCW6lCGocCm+HwZuI3n1BpnsgHM0oxiGlf8ogzaqx0f+p1K1W35k5BFolXkCoUaHQrX51ewrIYpWGCat323NQEOVWGM4Hj cifTmFI2pH1sWyppjDrIp5eOybFVeiRKlC1pyFT9PZHTWOtRHNrOmJqBnvcm4n9eOzPRVZBzmWYGJZstijJBTEImb5MeV8iMGFlCmeL2VsIGVFFmbDhlG4 I3//Ii8c9q1zX37rxavyjSKMEhHMEJeHAJdbiFBvjAIIJneIU3Z+i8OO/Ox6x1ySlmDuAPnM8fTnOMsw==</latexit><latexit sha1_base64="FJCXhAoqTihEe5BbCMpTEyH12bk=">AAAB6Hic bVBNS8NAEJ34WetX1aOXxSJ4sSQiftwKXjxWMbbQhrLZTtqlm03Y3Qgl9B948aDi1Z/kzX/jts1BWx8MPN6bYWZemAqujet+O0vLK6tr66WN8ubW9s5uZW //USeZYuizRCSqFVKNgkv0DTcCW6lCGocCm+HwZuI3n1BpnsgHM0oxiGlf8ogzaqx0f+p1K1W35k5BFolXkCoUaHQrX51ewrIYpWGCat323NQEOVWGM4Hj cifTmFI2pH1sWyppjDrIp5eOybFVeiRKlC1pyFT9PZHTWOtRHNrOmJqBnvcm4n9eOzPRVZBzmWYGJZstijJBTEImb5MeV8iMGFlCmeL2VsIGVFFmbDhlG4 I3//Ii8c9q1zX37rxavyjSKMEhHMEJeHAJdbiFBvjAIIJneIU3Z+i8OO/Ox6x1ySlmDuAPnM8fTnOMsw==</latexit>
0
<latexit sha1_base64="dNeCopwehRmO00gYnNwSKHuJxQU=">AAAB53ic bVBNS8NAEJ34WetX1aOXxSJ4KomIH7eCF48tGFtoQ9lsJ+3azSbsboQS+gu8eFDx6l/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/nZXVtfWNzdJWeXtnd2+/cn D4oJNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0O/VbT6g0T+S9GacYxHQgecQZNVZqur1K1a25M5Bl4hWkCgUavcpXt5+wLEZpmKBadzw3NUFOleFM4KTc zTSmlI3oADuWShqjDvLZoRNyapU+iRJlSxoyU39P5DTWehyHtjOmZqgXvan4n9fJTHQd5FymmUHJ5ouiTBCTkOnXpM8VMiPGllCmuL2VsCFVlBmbTdmG4C 2+vEz889pNzW1eVOuXRRolOIYTOAMPrqAOd9AAHxggPMMrvDmPzovz7nzMW1ecYuYI/sD5/AHjyox7</latexit><latexit sha1_base64="dNeCopwehRmO00gYnNwSKHuJxQU=">AAAB53ic bVBNS8NAEJ34WetX1aOXxSJ4KomIH7eCF48tGFtoQ9lsJ+3azSbsboQS+gu8eFDx6l/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/nZXVtfWNzdJWeXtnd2+/cn D4oJNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0O/VbT6g0T+S9GacYxHQgecQZNVZqur1K1a25M5Bl4hWkCgUavcpXt5+wLEZpmKBadzw3NUFOleFM4KTc zTSmlI3oADuWShqjDvLZoRNyapU+iRJlSxoyU39P5DTWehyHtjOmZqgXvan4n9fJTHQd5FymmUHJ5ouiTBCTkOnXpM8VMiPGllCmuL2VsCFVlBmbTdmG4C 2+vEz889pNzW1eVOuXRRolOIYTOAMPrqAOd9AAHxggPMMrvDmPzovz7nzMW1ecYuYI/sD5/AHjyox7</latexit><latexit sha1_base64="dNeCopwehRmO00gYnNwSKHuJxQU=">AAAB53ic bVBNS8NAEJ34WetX1aOXxSJ4KomIH7eCF48tGFtoQ9lsJ+3azSbsboQS+gu8eFDx6l/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/nZXVtfWNzdJWeXtnd2+/cn D4oJNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0O/VbT6g0T+S9GacYxHQgecQZNVZqur1K1a25M5Bl4hWkCgUavcpXt5+wLEZpmKBadzw3NUFOleFM4KTc zTSmlI3oADuWShqjDvLZoRNyapU+iRJlSxoyU39P5DTWehyHtjOmZqgXvan4n9fJTHQd5FymmUHJ5ouiTBCTkOnXpM8VMiPGllCmuL2VsCFVlBmbTdmG4C 2+vEz889pNzW1eVOuXRRolOIYTOAMPrqAOd9AAHxggPMMrvDmPzovz7nzMW1ecYuYI/sD5/AHjyox7</latexit>
1<latexit sha1_base64="yo2iHjjrQblDokd64lJmJ2xfjKc=">AAAB53ic bVBNS8NAEJ34WetX1aOXxSJ4KomIH7eCF48tGFtoQ9lsJ+3azSbsboQS+gu8eFDx6l/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/nZXVtfWNzdJWeXtnd2+/cn D4oJNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0O/VbT6g0T+S9GacYxHQgecQZNVZqer1K1a25M5Bl4hWkCgUavcpXt5+wLEZpmKBadzw3NUFOleFM4KTc zTSmlI3oADuWShqjDvLZoRNyapU+iRJlSxoyU39P5DTWehyHtjOmZqgXvan4n9fJTHQd5FymmUHJ5ouiTBCTkOnXpM8VMiPGllCmuL2VsCFVlBmbTdmG4C 2+vEz889pNzW1eVOuXRRolOIYTOAMPrqAOd9AAHxggPMMrvDmPzovz7nzMW1ecYuYI/sD5/AHlTYx8</latexit><latexit sha1_base64="yo2iHjjrQblDokd64lJmJ2xfjKc=">AAAB53ic bVBNS8NAEJ34WetX1aOXxSJ4KomIH7eCF48tGFtoQ9lsJ+3azSbsboQS+gu8eFDx6l/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/nZXVtfWNzdJWeXtnd2+/cn D4oJNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0O/VbT6g0T+S9GacYxHQgecQZNVZqer1K1a25M5Bl4hWkCgUavcpXt5+wLEZpmKBadzw3NUFOleFM4KTc zTSmlI3oADuWShqjDvLZoRNyapU+iRJlSxoyU39P5DTWehyHtjOmZqgXvan4n9fJTHQd5FymmUHJ5ouiTBCTkOnXpM8VMiPGllCmuL2VsCFVlBmbTdmG4C 2+vEz889pNzW1eVOuXRRolOIYTOAMPrqAOd9AAHxggPMMrvDmPzovz7nzMW1ecYuYI/sD5/AHlTYx8</latexit><latexit sha1_base64="yo2iHjjrQblDokd64lJmJ2xfjKc=">AAAB53ic bVBNS8NAEJ34WetX1aOXxSJ4KomIH7eCF48tGFtoQ9lsJ+3azSbsboQS+gu8eFDx6l/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/nZXVtfWNzdJWeXtnd2+/cn D4oJNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0O/VbT6g0T+S9GacYxHQgecQZNVZqer1K1a25M5Bl4hWkCgUavcpXt5+wLEZpmKBadzw3NUFOleFM4KTc zTSmlI3oADuWShqjDvLZoRNyapU+iRJlSxoyU39P5DTWehyHtjOmZqgXvan4n9fJTHQd5FymmUHJ5ouiTBCTkOnXpM8VMiPGllCmuL2VsCFVlBmbTdmG4C 2+vEz889pNzW1eVOuXRRolOIYTOAMPrqAOd9AAHxggPMMrvDmPzovz7nzMW1ecYuYI/sD5/AHlTYx8</latexit>
B0
<latexit sha1_base64="ZDjn6UL6So2Cz6XZyn8J95mAloE=">AAAB83ic bVDLSgMxFL1TX7W+qi7dBIvgqmREfOyKblxWcGyhHUomzbShmcyYZApl6He4caHi1p9x59+YaWehrQcCh3Pu5Z6cIBFcG4y/ndLK6tr6RnmzsrW9s7tX3T 941HGqKPNoLGLVDohmgkvmGW4EayeKkSgQrBWMbnO/NWZK81g+mEnC/IgMJA85JcZKfjciZkiJyG6mPdyr1nAdz4CWiVuQGhRo9qpf3X5M04hJQwXRuuPi xPgZUYZTwaaVbqpZQuiIDFjHUkkipv1sFnqKTqzSR2Gs7JMGzdTfGxmJtJ5EgZ3MQ+pFLxf/8zqpCa/8jMskNUzS+aEwFcjEKG8A9bli1IiJJYQqbrMiOi SKUGN7qtgS3MUvLxPvrH5dx/fntcZF0UYZjuAYTsGFS2jAHTTBAwpP8Ayv8OaMnRfn3fmYj5acYucQ/sD5/AEDtJHC</latexit><latexit sha1_base64="ZDjn6UL6So2Cz6XZyn8J95mAloE=">AAAB83ic bVDLSgMxFL1TX7W+qi7dBIvgqmREfOyKblxWcGyhHUomzbShmcyYZApl6He4caHi1p9x59+YaWehrQcCh3Pu5Z6cIBFcG4y/ndLK6tr6RnmzsrW9s7tX3T 941HGqKPNoLGLVDohmgkvmGW4EayeKkSgQrBWMbnO/NWZK81g+mEnC/IgMJA85JcZKfjciZkiJyG6mPdyr1nAdz4CWiVuQGhRo9qpf3X5M04hJQwXRuuPi xPgZUYZTwaaVbqpZQuiIDFjHUkkipv1sFnqKTqzSR2Gs7JMGzdTfGxmJtJ5EgZ3MQ+pFLxf/8zqpCa/8jMskNUzS+aEwFcjEKG8A9bli1IiJJYQqbrMiOi SKUGN7qtgS3MUvLxPvrH5dx/fntcZF0UYZjuAYTsGFS2jAHTTBAwpP8Ayv8OaMnRfn3fmYj5acYucQ/sD5/AEDtJHC</latexit><latexit sha1_base64="ZDjn6UL6So2Cz6XZyn8J95mAloE=">AAAB83ic bVDLSgMxFL1TX7W+qi7dBIvgqmREfOyKblxWcGyhHUomzbShmcyYZApl6He4caHi1p9x59+YaWehrQcCh3Pu5Z6cIBFcG4y/ndLK6tr6RnmzsrW9s7tX3T 941HGqKPNoLGLVDohmgkvmGW4EayeKkSgQrBWMbnO/NWZK81g+mEnC/IgMJA85JcZKfjciZkiJyG6mPdyr1nAdz4CWiVuQGhRo9qpf3X5M04hJQwXRuuPi xPgZUYZTwaaVbqpZQuiIDFjHUkkipv1sFnqKTqzSR2Gs7JMGzdTfGxmJtJ5EgZ3MQ+pFLxf/8zqpCa/8jMskNUzS+aEwFcjEKG8A9bli1IiJJYQqbrMiOi SKUGN7qtgS3MUvLxPvrH5dx/fntcZF0UYZjuAYTsGFS2jAHTTBAwpP8Ayv8OaMnRfn3fmYj5acYucQ/sD5/AEDtJHC</latexit>
 2<latexit sha1_base64="X556mGguN0TPH5u3n5IdfQf7t9E=">AAAB6Hic bVBNS8NAEJ3Ur1q/qh69LBbBiyUt4set4MVjFWMLbSib7aRdutmE3Y1QQv+BFw8qXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYWV1b3yhulra2d3b3yv sHjzpOFUOPxSJW7YBqFFyiZ7gR2E4U0igQ2ApGN1O/9YRK81g+mHGCfkQHkoecUWOl+7N6r1xxq+4MZJnUclKBHM1e+avbj1kaoTRMUK07NTcxfkaV4Uzg pNRNNSaUjegAO5ZKGqH2s9mlE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6dukzxUyI8aWUKa4vZWwIVWUGRtOyY ZQW3x5mXj16nXVvTuvNC7yNIpwBMdwCjW4hAbcQhM8YBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0/2jLQ=</latexit><latexit sha1_base64="X556mGguN0TPH5u3n5IdfQf7t9E=">AAAB6Hic bVBNS8NAEJ3Ur1q/qh69LBbBiyUt4set4MVjFWMLbSib7aRdutmE3Y1QQv+BFw8qXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYWV1b3yhulra2d3b3yv sHjzpOFUOPxSJW7YBqFFyiZ7gR2E4U0igQ2ApGN1O/9YRK81g+mHGCfkQHkoecUWOl+7N6r1xxq+4MZJnUclKBHM1e+avbj1kaoTRMUK07NTcxfkaV4Uzg pNRNNSaUjegAO5ZKGqH2s9mlE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6dukzxUyI8aWUKa4vZWwIVWUGRtOyY ZQW3x5mXj16nXVvTuvNC7yNIpwBMdwCjW4hAbcQhM8YBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0/2jLQ=</latexit><latexit sha1_base64="X556mGguN0TPH5u3n5IdfQf7t9E=">AAAB6Hic bVBNS8NAEJ3Ur1q/qh69LBbBiyUt4set4MVjFWMLbSib7aRdutmE3Y1QQv+BFw8qXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYWV1b3yhulra2d3b3yv sHjzpOFUOPxSJW7YBqFFyiZ7gR2E4U0igQ2ApGN1O/9YRK81g+mHGCfkQHkoecUWOl+7N6r1xxq+4MZJnUclKBHM1e+avbj1kaoTRMUK07NTcxfkaV4Uzg pNRNNSaUjegAO5ZKGqH2s9mlE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6dukzxUyI8aWUKa4vZWwIVWUGRtOyY ZQW3x5mXj16nXVvTuvNC7yNIpwBMdwCjW4hAbcQhM8YBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0/2jLQ=</latexit>
2<latexit sha1_base64="W0tRUXpBDvDoKEGRtPiXVqh3RH8=">AAAB53ic bVBNS8NAEJ3Ur1q/qh69LBbBU0mK+HErePHYgrGFNpTNdtKu3WzC7kYopb/AiwcVr/4lb/4bt20O2vpg4PHeDDPzwlRwbVz32ymsrW9sbhW3Szu7e/sH5c OjB51kiqHPEpGodkg1Ci7RN9wIbKcKaRwKbIWj25nfekKleSLvzTjFIKYDySPOqLFSs9YrV9yqOwdZJV5OKpCj0St/dfsJy2KUhgmqdcdzUxNMqDKcCZyW upnGlLIRHWDHUklj1MFkfuiUnFmlT6JE2ZKGzNXfExMaaz2OQ9sZUzPUy95M/M/rZCa6DiZcpplByRaLokwQk5DZ16TPFTIjxpZQpri9lbAhVZQZm03Jhu Atv7xK/Fr1puo2Lyr1yzyNIpzAKZyDB1dQhztogA8MEJ7hFd6cR+fFeXc+Fq0FJ585hj9wPn8A5tCMfQ==</latexit><latexit sha1_base64="W0tRUXpBDvDoKEGRtPiXVqh3RH8=">AAAB53ic bVBNS8NAEJ3Ur1q/qh69LBbBU0mK+HErePHYgrGFNpTNdtKu3WzC7kYopb/AiwcVr/4lb/4bt20O2vpg4PHeDDPzwlRwbVz32ymsrW9sbhW3Szu7e/sH5c OjB51kiqHPEpGodkg1Ci7RN9wIbKcKaRwKbIWj25nfekKleSLvzTjFIKYDySPOqLFSs9YrV9yqOwdZJV5OKpCj0St/dfsJy2KUhgmqdcdzUxNMqDKcCZyW upnGlLIRHWDHUklj1MFkfuiUnFmlT6JE2ZKGzNXfExMaaz2OQ9sZUzPUy95M/M/rZCa6DiZcpplByRaLokwQk5DZ16TPFTIjxpZQpri9lbAhVZQZm03Jhu Atv7xK/Fr1puo2Lyr1yzyNIpzAKZyDB1dQhztogA8MEJ7hFd6cR+fFeXc+Fq0FJ585hj9wPn8A5tCMfQ==</latexit><latexit sha1_base64="W0tRUXpBDvDoKEGRtPiXVqh3RH8=">AAAB53ic bVBNS8NAEJ3Ur1q/qh69LBbBU0mK+HErePHYgrGFNpTNdtKu3WzC7kYopb/AiwcVr/4lb/4bt20O2vpg4PHeDDPzwlRwbVz32ymsrW9sbhW3Szu7e/sH5c OjB51kiqHPEpGodkg1Ci7RN9wIbKcKaRwKbIWj25nfekKleSLvzTjFIKYDySPOqLFSs9YrV9yqOwdZJV5OKpCj0St/dfsJy2KUhgmqdcdzUxNMqDKcCZyW upnGlLIRHWDHUklj1MFkfuiUnFmlT6JE2ZKGzNXfExMaaz2OQ9sZUzPUy95M/M/rZCa6DiZcpplByRaLokwQk5DZ16TPFTIjxpZQpri9lbAhVZQZm03Jhu Atv7xK/Fr1puo2Lyr1yzyNIpzAKZyDB1dQhztogA8MEJ7hFd6cR+fFeXc+Fq0FJ585hj9wPn8A5tCMfQ==</latexit>
 1<latexit sha1_base64="FJCXhAoqTihEe5BbCMpTEyH12bk=">AAAB6Hic bVBNS8NAEJ34WetX1aOXxSJ4sSQiftwKXjxWMbbQhrLZTtqlm03Y3Qgl9B948aDi1Z/kzX/jts1BWx8MPN6bYWZemAqujet+O0vLK6tr66WN8ubW9s5uZW //USeZYuizRCSqFVKNgkv0DTcCW6lCGocCm+HwZuI3n1BpnsgHM0oxiGlf8ogzaqx0f+p1K1W35k5BFolXkCoUaHQrX51ewrIYpWGCat323NQEOVWGM4Hj cifTmFI2pH1sWyppjDrIp5eOybFVeiRKlC1pyFT9PZHTWOtRHNrOmJqBnvcm4n9eOzPRVZBzmWYGJZstijJBTEImb5MeV8iMGFlCmeL2VsIGVFFmbDhlG4 I3//Ii8c9q1zX37rxavyjSKMEhHMEJeHAJdbiFBvjAIIJneIU3Z+i8OO/Ox6x1ySlmDuAPnM8fTnOMsw==</latexit><latexit sha1_base64="FJCXhAoqTihEe5BbCMpTEyH12bk=">AAAB6Hic bVBNS8NAEJ34WetX1aOXxSJ4sSQiftwKXjxWMbbQhrLZTtqlm03Y3Qgl9B948aDi1Z/kzX/jts1BWx8MPN6bYWZemAqujet+O0vLK6tr66WN8ubW9s5uZW //USeZYuizRCSqFVKNgkv0DTcCW6lCGocCm+HwZuI3n1BpnsgHM0oxiGlf8ogzaqx0f+p1K1W35k5BFolXkCoUaHQrX51ewrIYpWGCat323NQEOVWGM4Hj cifTmFI2pH1sWyppjDrIp5eOybFVeiRKlC1pyFT9PZHTWOtRHNrOmJqBnvcm4n9eOzPRVZBzmWYGJZstijJBTEImb5MeV8iMGFlCmeL2VsIGVFFmbDhlG4 I3//Ii8c9q1zX37rxavyjSKMEhHMEJeHAJdbiFBvjAIIJneIU3Z+i8OO/Ox6x1ySlmDuAPnM8fTnOMsw==</latexit><latexit sha1_base64="FJCXhAoqTihEe5BbCMpTEyH12bk=">AAAB6Hic bVBNS8NAEJ34WetX1aOXxSJ4sSQiftwKXjxWMbbQhrLZTtqlm03Y3Qgl9B948aDi1Z/kzX/jts1BWx8MPN6bYWZemAqujet+O0vLK6tr66WN8ubW9s5uZW //USeZYuizRCSqFVKNgkv0DTcCW6lCGocCm+HwZuI3n1BpnsgHM0oxiGlf8ogzaqx0f+p1K1W35k5BFolXkCoUaHQrX51ewrIYpWGCat323NQEOVWGM4Hj cifTmFI2pH1sWyppjDrIp5eOybFVeiRKlC1pyFT9PZHTWOtRHNrOmJqBnvcm4n9eOzPRVZBzmWYGJZstijJBTEImb5MeV8iMGFlCmeL2VsIGVFFmbDhlG4 I3//Ii8c9q1zX37rxavyjSKMEhHMEJeHAJdbiFBvjAIIJneIU3Z+i8OO/Ox6x1ySlmDuAPnM8fTnOMsw==</latexit>
0
<latexit sha1_base64="dNeCopwehRmO00gYnNwSKHuJxQU=">AAAB53ic bVBNS8NAEJ34WetX1aOXxSJ4KomIH7eCF48tGFtoQ9lsJ+3azSbsboQS+gu8eFDx6l/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/nZXVtfWNzdJWeXtnd2+/cn D4oJNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0O/VbT6g0T+S9GacYxHQgecQZNVZqur1K1a25M5Bl4hWkCgUavcpXt5+wLEZpmKBadzw3NUFOleFM4KTc zTSmlI3oADuWShqjDvLZoRNyapU+iRJlSxoyU39P5DTWehyHtjOmZqgXvan4n9fJTHQd5FymmUHJ5ouiTBCTkOnXpM8VMiPGllCmuL2VsCFVlBmbTdmG4C 2+vEz889pNzW1eVOuXRRolOIYTOAMPrqAOd9AAHxggPMMrvDmPzovz7nzMW1ecYuYI/sD5/AHjyox7</latexit><latexit sha1_base64="dNeCopwehRmO00gYnNwSKHuJxQU=">AAAB53ic bVBNS8NAEJ34WetX1aOXxSJ4KomIH7eCF48tGFtoQ9lsJ+3azSbsboQS+gu8eFDx6l/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/nZXVtfWNzdJWeXtnd2+/cn D4oJNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0O/VbT6g0T+S9GacYxHQgecQZNVZqur1K1a25M5Bl4hWkCgUavcpXt5+wLEZpmKBadzw3NUFOleFM4KTc zTSmlI3oADuWShqjDvLZoRNyapU+iRJlSxoyU39P5DTWehyHtjOmZqgXvan4n9fJTHQd5FymmUHJ5ouiTBCTkOnXpM8VMiPGllCmuL2VsCFVlBmbTdmG4C 2+vEz889pNzW1eVOuXRRolOIYTOAMPrqAOd9AAHxggPMMrvDmPzovz7nzMW1ecYuYI/sD5/AHjyox7</latexit><latexit sha1_base64="dNeCopwehRmO00gYnNwSKHuJxQU=">AAAB53ic bVBNS8NAEJ34WetX1aOXxSJ4KomIH7eCF48tGFtoQ9lsJ+3azSbsboQS+gu8eFDx6l/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/nZXVtfWNzdJWeXtnd2+/cn D4oJNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0O/VbT6g0T+S9GacYxHQgecQZNVZqur1K1a25M5Bl4hWkCgUavcpXt5+wLEZpmKBadzw3NUFOleFM4KTc zTSmlI3oADuWShqjDvLZoRNyapU+iRJlSxoyU39P5DTWehyHtjOmZqgXvan4n9fJTHQd5FymmUHJ5ouiTBCTkOnXpM8VMiPGllCmuL2VsCFVlBmbTdmG4C 2+vEz889pNzW1eVOuXRRolOIYTOAMPrqAOd9AAHxggPMMrvDmPzovz7nzMW1ecYuYI/sD5/AHjyox7</latexit>
1<latexit sha1_base64="yo2iHjjrQblDokd64lJmJ2xfjKc=">AAAB53ic bVBNS8NAEJ34WetX1aOXxSJ4KomIH7eCF48tGFtoQ9lsJ+3azSbsboQS+gu8eFDx6l/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/nZXVtfWNzdJWeXtnd2+/cn D4oJNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0O/VbT6g0T+S9GacYxHQgecQZNVZqer1K1a25M5Bl4hWkCgUavcpXt5+wLEZpmKBadzw3NUFOleFM4KTc zTSmlI3oADuWShqjDvLZoRNyapU+iRJlSxoyU39P5DTWehyHtjOmZqgXvan4n9fJTHQd5FymmUHJ5ouiTBCTkOnXpM8VMiPGllCmuL2VsCFVlBmbTdmG4C 2+vEz889pNzW1eVOuXRRolOIYTOAMPrqAOd9AAHxggPMMrvDmPzovz7nzMW1ecYuYI/sD5/AHlTYx8</latexit><latexit sha1_base64="yo2iHjjrQblDokd64lJmJ2xfjKc=">AAAB53ic bVBNS8NAEJ34WetX1aOXxSJ4KomIH7eCF48tGFtoQ9lsJ+3azSbsboQS+gu8eFDx6l/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/nZXVtfWNzdJWeXtnd2+/cn D4oJNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0O/VbT6g0T+S9GacYxHQgecQZNVZqer1K1a25M5Bl4hWkCgUavcpXt5+wLEZpmKBadzw3NUFOleFM4KTc zTSmlI3oADuWShqjDvLZoRNyapU+iRJlSxoyU39P5DTWehyHtjOmZqgXvan4n9fJTHQd5FymmUHJ5ouiTBCTkOnXpM8VMiPGllCmuL2VsCFVlBmbTdmG4C 2+vEz889pNzW1eVOuXRRolOIYTOAMPrqAOd9AAHxggPMMrvDmPzovz7nzMW1ecYuYI/sD5/AHlTYx8</latexit><latexit sha1_base64="yo2iHjjrQblDokd64lJmJ2xfjKc=">AAAB53ic bVBNS8NAEJ34WetX1aOXxSJ4KomIH7eCF48tGFtoQ9lsJ+3azSbsboQS+gu8eFDx6l/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/nZXVtfWNzdJWeXtnd2+/cn D4oJNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0O/VbT6g0T+S9GacYxHQgecQZNVZqer1K1a25M5Bl4hWkCgUavcpXt5+wLEZpmKBadzw3NUFOleFM4KTc zTSmlI3oADuWShqjDvLZoRNyapU+iRJlSxoyU39P5DTWehyHtjOmZqgXvan4n9fJTHQd5FymmUHJ5ouiTBCTkOnXpM8VMiPGllCmuL2VsCFVlBmbTdmG4C 2+vEz889pNzW1eVOuXRRolOIYTOAMPrqAOd9AAHxggPMMrvDmPzovz7nzMW1ecYuYI/sD5/AHlTYx8</latexit>
B0
<latexit sha1_base64="ZDjn6UL6So2Cz6XZyn8J95mAloE=">AAAB83ic bVDLSgMxFL1TX7W+qi7dBIvgqmREfOyKblxWcGyhHUomzbShmcyYZApl6He4caHi1p9x59+YaWehrQcCh3Pu5Z6cIBFcG4y/ndLK6tr6RnmzsrW9s7tX3T 941HGqKPNoLGLVDohmgkvmGW4EayeKkSgQrBWMbnO/NWZK81g+mEnC/IgMJA85JcZKfjciZkiJyG6mPdyr1nAdz4CWiVuQGhRo9qpf3X5M04hJQwXRuuPi xPgZUYZTwaaVbqpZQuiIDFjHUkkipv1sFnqKTqzSR2Gs7JMGzdTfGxmJtJ5EgZ3MQ+pFLxf/8zqpCa/8jMskNUzS+aEwFcjEKG8A9bli1IiJJYQqbrMiOi SKUGN7qtgS3MUvLxPvrH5dx/fntcZF0UYZjuAYTsGFS2jAHTTBAwpP8Ayv8OaMnRfn3fmYj5acYucQ/sD5/AEDtJHC</latexit><latexit sha1_base64="ZDjn6UL6So2Cz6XZyn8J95mAloE=">AAAB83ic bVDLSgMxFL1TX7W+qi7dBIvgqmREfOyKblxWcGyhHUomzbShmcyYZApl6He4caHi1p9x59+YaWehrQcCh3Pu5Z6cIBFcG4y/ndLK6tr6RnmzsrW9s7tX3T 941HGqKPNoLGLVDohmgkvmGW4EayeKkSgQrBWMbnO/NWZK81g+mEnC/IgMJA85JcZKfjciZkiJyG6mPdyr1nAdz4CWiVuQGhRo9qpf3X5M04hJQwXRuuPi xPgZUYZTwaaVbqpZQuiIDFjHUkkipv1sFnqKTqzSR2Gs7JMGzdTfGxmJtJ5EgZ3MQ+pFLxf/8zqpCa/8jMskNUzS+aEwFcjEKG8A9bli1IiJJYQqbrMiOi SKUGN7qtgS3MUvLxPvrH5dx/fntcZF0UYZjuAYTsGFS2jAHTTBAwpP8Ayv8OaMnRfn3fmYj5acYucQ/sD5/AEDtJHC</latexit><latexit sha1_base64="ZDjn6UL6So2Cz6XZyn8J95mAloE=">AAAB83ic bVDLSgMxFL1TX7W+qi7dBIvgqmREfOyKblxWcGyhHUomzbShmcyYZApl6He4caHi1p9x59+YaWehrQcCh3Pu5Z6cIBFcG4y/ndLK6tr6RnmzsrW9s7tX3T 941HGqKPNoLGLVDohmgkvmGW4EayeKkSgQrBWMbnO/NWZK81g+mEnC/IgMJA85JcZKfjciZkiJyG6mPdyr1nAdz4CWiVuQGhRo9qpf3X5M04hJQwXRuuPi xPgZUYZTwaaVbqpZQuiIDFjHUkkipv1sFnqKTqzSR2Gs7JMGzdTfGxmJtJ5EgZ3MQ+pFLxf/8zqpCa/8jMskNUzS+aEwFcjEKG8A9bli1IiJJYQqbrMiOi SKUGN7qtgS3MUvLxPvrH5dx/fntcZF0UYZjuAYTsGFS2jAHTTBAwpP8Ayv8OaMnRfn3fmYj5acYucQ/sD5/AEDtJHC</latexit>
 2<latexit sha1_base64="X556mGguN0TPH5u3n5IdfQf7t9E=">AAAB6Hic bVBNS8NAEJ3Ur1q/qh69LBbBiyUt4set4MVjFWMLbSib7aRdutmE3Y1QQv+BFw8qXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYWV1b3yhulra2d3b3yv sHjzpOFUOPxSJW7YBqFFyiZ7gR2E4U0igQ2ApGN1O/9YRK81g+mHGCfkQHkoecUWOl+7N6r1xxq+4MZJnUclKBHM1e+avbj1kaoTRMUK07NTcxfkaV4Uzg pNRNNSaUjegAO5ZKGqH2s9mlE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6dukzxUyI8aWUKa4vZWwIVWUGRtOyY ZQW3x5mXj16nXVvTuvNC7yNIpwBMdwCjW4hAbcQhM8YBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0/2jLQ=</latexit><latexit sha1_base64="X556mGguN0TPH5u3n5IdfQf7t9E=">AAAB6Hic bVBNS8NAEJ3Ur1q/qh69LBbBiyUt4set4MVjFWMLbSib7aRdutmE3Y1QQv+BFw8qXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYWV1b3yhulra2d3b3yv sHjzpOFUOPxSJW7YBqFFyiZ7gR2E4U0igQ2ApGN1O/9YRK81g+mHGCfkQHkoecUWOl+7N6r1xxq+4MZJnUclKBHM1e+avbj1kaoTRMUK07NTcxfkaV4Uzg pNRNNSaUjegAO5ZKGqH2s9mlE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6dukzxUyI8aWUKa4vZWwIVWUGRtOyY ZQW3x5mXj16nXVvTuvNC7yNIpwBMdwCjW4hAbcQhM8YBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0/2jLQ=</latexit><latexit sha1_base64="X556mGguN0TPH5u3n5IdfQf7t9E=">AAAB6Hic bVBNS8NAEJ3Ur1q/qh69LBbBiyUt4set4MVjFWMLbSib7aRdutmE3Y1QQv+BFw8qXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYWV1b3yhulra2d3b3yv sHjzpOFUOPxSJW7YBqFFyiZ7gR2E4U0igQ2ApGN1O/9YRK81g+mHGCfkQHkoecUWOl+7N6r1xxq+4MZJnUclKBHM1e+avbj1kaoTRMUK07NTcxfkaV4Uzg pNRNNSaUjegAO5ZKGqH2s9mlE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6dukzxUyI8aWUKa4vZWwIVWUGRtOyY ZQW3x5mXj16nXVvTuvNC7yNIpwBMdwCjW4hAbcQhM8YBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0/2jLQ=</latexit>
2<latexit sha1_base64="W0tRUXpBDvDoKEGRtPiXVqh3RH8=">AAAB53ic bVBNS8NAEJ3Ur1q/qh69LBbBU0mK+HErePHYgrGFNpTNdtKu3WzC7kYopb/AiwcVr/4lb/4bt20O2vpg4PHeDDPzwlRwbVz32ymsrW9sbhW3Szu7e/sH5c OjB51kiqHPEpGodkg1Ci7RN9wIbKcKaRwKbIWj25nfekKleSLvzTjFIKYDySPOqLFSs9YrV9yqOwdZJV5OKpCj0St/dfsJy2KUhgmqdcdzUxNMqDKcCZyW upnGlLIRHWDHUklj1MFkfuiUnFmlT6JE2ZKGzNXfExMaaz2OQ9sZUzPUy95M/M/rZCa6DiZcpplByRaLokwQk5DZ16TPFTIjxpZQpri9lbAhVZQZm03Jhu Atv7xK/Fr1puo2Lyr1yzyNIpzAKZyDB1dQhztogA8MEJ7hFd6cR+fFeXc+Fq0FJ585hj9wPn8A5tCMfQ==</latexit><latexit sha1_base64="W0tRUXpBDvDoKEGRtPiXVqh3RH8=">AAAB53ic bVBNS8NAEJ3Ur1q/qh69LBbBU0mK+HErePHYgrGFNpTNdtKu3WzC7kYopb/AiwcVr/4lb/4bt20O2vpg4PHeDDPzwlRwbVz32ymsrW9sbhW3Szu7e/sH5c OjB51kiqHPEpGodkg1Ci7RN9wIbKcKaRwKbIWj25nfekKleSLvzTjFIKYDySPOqLFSs9YrV9yqOwdZJV5OKpCj0St/dfsJy2KUhgmqdcdzUxNMqDKcCZyW upnGlLIRHWDHUklj1MFkfuiUnFmlT6JE2ZKGzNXfExMaaz2OQ9sZUzPUy95M/M/rZCa6DiZcpplByRaLokwQk5DZ16TPFTIjxpZQpri9lbAhVZQZm03Jhu Atv7xK/Fr1puo2Lyr1yzyNIpzAKZyDB1dQhztogA8MEJ7hFd6cR+fFeXc+Fq0FJ585hj9wPn8A5tCMfQ==</latexit><latexit sha1_base64="W0tRUXpBDvDoKEGRtPiXVqh3RH8=">AAAB53ic bVBNS8NAEJ3Ur1q/qh69LBbBU0mK+HErePHYgrGFNpTNdtKu3WzC7kYopb/AiwcVr/4lb/4bt20O2vpg4PHeDDPzwlRwbVz32ymsrW9sbhW3Szu7e/sH5c OjB51kiqHPEpGodkg1Ci7RN9wIbKcKaRwKbIWj25nfekKleSLvzTjFIKYDySPOqLFSs9YrV9yqOwdZJV5OKpCj0St/dfsJy2KUhgmqdcdzUxNMqDKcCZyW upnGlLIRHWDHUklj1MFkfuiUnFmlT6JE2ZKGzNXfExMaaz2OQ9sZUzPUy95M/M/rZCa6DiZcpplByRaLokwQk5DZ16TPFTIjxpZQpri9lbAhVZQZm03Jhu Atv7xK/Fr1puo2Lyr1yzyNIpzAKZyDB1dQhztogA8MEJ7hFd6cR+fFeXc+Fq0FJ585hj9wPn8A5tCMfQ==</latexit>
(a)
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Figure 8. The geometric phase B0 as a function of ΓL/ΓR for
some error sources. The red dashed line corresponds to the
exact Z-number that would be expected for the quantum dot
model if the measurement were ideal. In (a) the black curve
corresponds to the case where an error occurs due the inaccu-
rate measurement setup (see Fig. 7). Near the transition B0
becomes ill-defined. This is due to the numerical evaluation
with finite elements, ∆χ. For ∆χ approaching 0, the diver-
gence dissappears, see also main text. In (b) we show (again
in black) the curve due to fitting errors when extracting the
parameters g++,0, g++,1 and l0, l1 from the waiting time dis-
tribution. In general, we observe that while errors give rise
to faulty behaviour near the transition, the results are ex-
tremely stable away from the transition, thus allowing for a
reliable measurement of topological numbers through waiting
times. The parameters in both figures are µL −  = 5kBT ,
µR −  = −4kBT .
turns either ±1. The fact that already B0 alone is quan-
tized, and we do not need to take the product Z = ∏ν Bν ,
is due to the very simplified system with only two avail-
able states, and a detector only clicking in one direction
(+). For a more complicated system, we would have
to consider the product Z to obtain a quantized num-
ber. Note that very close to the transition, we find that
B0 does not return ±1, and instead becomes ill-defined.
This is due to the fact, that the evaluation was done in a
discretized way, with a finite resolution in χ, where M is
finite. In the limit M →∞, the function approaches the
exact step function. Secondly, we see that the transition
from topological, B0 = −1, to trivial, B0 = +1, is shifted
and occurs at a slightly different ratio of ΓL/ΓR. This is
because the setup with the QPC is missing the thermally
excited processes. Thus the detector overestimates the
current, which renders the topological phase more stable
(i.e., the system is in the topological phase for a larger
parameter subspace). We can similarly expect that for
another type of error, which underestimates the current,
the effect would be the opposite, that is, a less stable
topological phase.
Finally, we comment on errors in the fitting process.
Namely, we may imagine that for each setting of ΓL/ΓR,
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the experimenter performs a new evaluation of the detec-
tor dynamics, and fits the function g++ (τ) with a double
exponential to extract the indices g++,0, g++,1 and l0, l1.
It is then reasonable to assume that the fitting process
might be subject to fluctuations for each setting. We here
model these fluctuations as follows. We supplement the
four extracted parameters, g++,n and ln, each with an in-
dependent small error, g++,n+δg++,n and ln+δln, which
we update with pseudo random numbers for each value
of ΓL/ΓR. In Fig. 8b, we choose the error magnitude
such that both δg++ and δl change within 10% of the
original value g++ or l, respectively. We see that close to
values of ΓL/ΓR where the transition occurs in the ideal
case, the fluctuations lead to a random back and forth
switching between B0 = +1 and −1. This is because in
this critical region, a small change in the g++’s and l’s
can undo, respectively, redo the braid phase transition.
Far away from this region, the topological phases remain
stable.
Overall, we have examined backaction as well as some
realistic errors due to the concrete measurement setup,
none of which can destroy the braid phase transition in
the eigenspectrum, nor hinder the observation of the as-
sociated geometric phase B. As we showed at some exam-
ples, errors merely meddle with the precise measurement
of the location where the topological transition appears.
We further note, that in above examples, we went to
rather high error amplitudes, in order to render the ef-
fects visible in Fig. 8. In reality (see also Ref. [57]), we are
confident that those errors can be reduced significantly.
In fact, let us note at this point, that in Ref. [57], the
waiting time distribution of a quantum dot coupled to a
QPC has indeed been experimentally measured. Their
setup thus would allow for the extraction of this quan-
tized phase. Unfortunately, the raw data of the waiting
time distribution is not available from Ref. [57], which is
why we cannot directly extract the geometric phases Bn
and their product Z. However, considering the values
of the tunneling rates they extract, they find the ratio
ΓL/ΓR = 0.25. Thus, their system should actually be in
the topological phase with e∗0 = e/2 and Z = −1. In
order to observe a transition from topological to trivial,
the waiting times would have to be extracted for different
ratios of ΓL and ΓR, which was not done in Ref. [57].
E. Going beyond the resolution limit
As we have argued in Sec. II C, we can directly link the
mismatch between fractional charges and integer charge
quantization, and the resulting periodicity breaking due
to a braid phase transition, to a detector measuring a
stochastic process below its resolution limit. We expect
that the latter provides new applications for measuring
techniques. To demonstrate this principle at work, we
consider an extension of the previously introduced simple
QPC setup (see Fig. 7). Namely, we can add a second
level to the system, where for simplicity, we consider two
gL(x,y)=x*y 
gR(x,y)=(1-x)*y 
gLp(xp,y)=xp*(1-y) 
gRp(xp,y)=(1-xp)*(1-y) 
a(x,xp,y)=(gL(x,y)+gLp(xp,y)+gR(x,y)+gRp(xp,y))/3.0 
bp(x,xp,y)=((gL(x,y)+gLp(xp,y))*(gR(x,y)+gRp(xp,y))+gR(x,y)*gRp(xp,y)-gL(x,y)*gR(x,y)-gLp(xp,y)*gRp(xp,y))/3.0 
bm(x,xp,y)=((gL(x,y)+gLp(xp,y))*(gR(x,y)+gRp(xp,y))+gR(x,y)*gRp(xp,y)+gL(x,y)*gR(x,y)+gLp(xp,y)*gRp(xp,y))/3.0 
lzpp(x,xp,y)=-a(x,xp,y)+sqrt(a(x,xp,y)**2-bp(x,xp,y)) 
lzmp(x,xp,y)=-a(x,xp,y)+sqrt(a(x,xp,y)**2-bm(x,xp,y)) 
lzpm(x,xp,y)=-a(x,xp,y)-sqrt(a(x,xp,y)**2-bp(x,xp,y)) 
lzmm(x,xp,y)=-a(x,xp,y)-sqrt(a(x,xp,y)**2-bm(x,xp,y)) 
polyzpp(x,xp,y)=(gL(x,y)+gLp(xp,y)+lzpp(x,xp,y))*(gR(x,y)+lzpp(x,xp,y))*(gRp(xp,y)+lzpp(x,xp,y))-gL(x,y)*gR(x,y)*(gRp(xp,y)+lzpp(x,xp,y))-
gLp(xp,y)*gRp(xp,y)*(gR(x,y)+lzpp(x,xp,y)) 
polyzpm(x,xp,y)=(gL(x,y)+gLp(xp,y)+lzpm(x,xp,y))*(gR(x,y)+lzpm(x,xp,y))*(gRp(xp,y)+lzpm(x,xp,y))-gL(x,y)*gR(x,y)*(gRp(xp,y)+lzpm(x,xp,y))-
gLp(xp,y)*gRp(xp,y)*(gR(x,y)+lzpm(x,xp,y)) 
polyzmp(x,xp,y)=(gL(x,y)+gLp(xp,y)+lzmp(x,xp,y))*(gR(x,y)+lzmp(x,xp,y))*(gRp(xp,y)+lzmp(x,xp,y))+gL(x,y)*gR(x,y)*(gRp(xp,y)+lzmp(x,xp,y))
+gLp(xp,y)*gRp(xp,y)*(gR(x,y)+lzmp(x,xp,y)) 
polyzmm(x,xp,y)=(gL(x,y)+gLp(xp,y)+lzmm(x,xp,y))*(gR(x,y)+lzmm(x,xp,y))*(gRp(xp,y)+lzmm(x,xp,y))+gL(x,y)*gR(x,y)*(gRp(xp,y)+lzmm(x,xp,y))
+gLp(xp,y)*gRp(xp,y)*(gR(x,y)+lzmm(x,xp,y)) 
set key off 
set samples 500,500 
set isosamples 500,500 
set xrange [0:1] 
set yrange [0:1] 
set zrange [-0.001:0.001] 
set size ratio 1 
set view map 
theta(x)=(x>0)?1:0 
splot theta(polyzmm(x,x,y))-1.0 w d, theta(polyzmp(x,x,y))-1.0 w d lc "#FFFFFF"
set key off 
set samples 500,500 
set isosamples 500,500 
set xrange [0:1] 
set yrange [0:1] 
set zrange [-0.001:0.001] 
set size ratio 1 
set view map 
theta(x)=(x>0)?1:0 
b(x,y)=(x*(1-x)*(1-y)**2+(1-y)*y)/3.0 
lp(x,y)=-1/3.0+sqrt(1/9.0-b(x,y)) 
lm(x,y)=-1/3.0-sqrt(1/9.0-b(x,y)) 
zp(x,y)=(x*(1-y)+lp(x,y))*((1-x)*(1-y)+lp(x,y))*(y+lp(x,y))/(x*(1-x)*(1-y)**2*y) 
zm(x,y)=(x*(1-y)+lm(x,y))*((1-x)*(1-y)+lm(x,y))*(y+lm(x,y))/(x*(1-x)*(1-y)**2*y) 
splot theta(abs(zp(x,y))-1)+theta(abs(zm(x,y))-1) w d, theta(abs(zp(x,y))-1)+theta(abs(zm(x,y))-1)-1 w d, theta(abs(zp(x,y))-1)+theta(abs(zm(x,y))-1)-2 
w d
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0.2
<latexit sha1_base64="H6KQCueTbydpzqHgk6ok728gxuY=">AAAB6XicbVBNS8NAE J34WetX1aOXxSJ4CkkRP24FLx4rGltoQ9lsJ+3SzSbsboRS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvygTXxvO+nZXVtfWNzdJWeXtnd2+/cnD4qNNcMQxYKlLViqhGwSUGhhuBrU whTSKBzWh4M/WbT6g0T+WDGWUYJrQvecwZNVa699xat1L1XG8Gskz8glShQKNb+er0UpYnKA0TVOu272UmHFNlOBM4KXdyjRllQ9rHtqWSJqjD8ezUCTm1So/EqbIlDZmpvyfGNN F6lES2M6FmoBe9qfif185NfBWOucxyg5LNF8W5ICYl079JjytkRowsoUxxeythA6ooMzadsg3BX3x5mQQ199r17s6r9YsijRIcwwmcgQ+XUIdbaEAADPrwDK/w5gjnxXl3PuatK04 xcwR/4Hz+AL9PjO8=</latexit><latexit sha1_base64="H6KQCueTbydpzqHgk6ok728gxuY=">AAAB6XicbVBNS8NAE J34WetX1aOXxSJ4CkkRP24FLx4rGltoQ9lsJ+3SzSbsboRS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvygTXxvO+nZXVtfWNzdJWeXtnd2+/cnD4qNNcMQxYKlLViqhGwSUGhhuBrU whTSKBzWh4M/WbT6g0T+WDGWUYJrQvecwZNVa699xat1L1XG8Gskz8glShQKNb+er0UpYnKA0TVOu272UmHFNlOBM4KXdyjRllQ9rHtqWSJqjD8ezUCTm1So/EqbIlDZmpvyfGNN F6lES2M6FmoBe9qfif185NfBWOucxyg5LNF8W5ICYl079JjytkRowsoUxxeythA6ooMzadsg3BX3x5mQQ199r17s6r9YsijRIcwwmcgQ+XUIdbaEAADPrwDK/w5gjnxXl3PuatK04 xcwR/4Hz+AL9PjO8=</latexit><latexit sha1_base64="H6KQCueTbydpzqHgk6ok728gxuY=">AAAB6XicbVBNS8NAE J34WetX1aOXxSJ4CkkRP24FLx4rGltoQ9lsJ+3SzSbsboRS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvygTXxvO+nZXVtfWNzdJWeXtnd2+/cnD4qNNcMQxYKlLViqhGwSUGhhuBrU whTSKBzWh4M/WbT6g0T+WDGWUYJrQvecwZNVa699xat1L1XG8Gskz8glShQKNb+er0UpYnKA0TVOu272UmHFNlOBM4KXdyjRllQ9rHtqWSJqjD8ezUCTm1So/EqbIlDZmpvyfGNN F6lES2M6FmoBe9qfif185NfBWOucxyg5LNF8W5ICYl079JjytkRowsoUxxeythA6ooMzadsg3BX3x5mQQ199r17s6r9YsijRIcwwmcgQ+XUIdbaEAADPrwDK/w5gjnxXl3PuatK04 xcwR/4Hz+AL9PjO8=</latexit>
0.4
<latexit sha1_base64="QH+KrBIHLDDHU13vF8kVOR5uxrI=">AAAB6XicbVBNS8NAE J3Ur1q/qh69LBbBU0hE/LgVvHisaGyhDWWznbRLN5uwuxFK6U/w4kHFq//Im//GbZuDtj4YeLw3w8y8KBNcG8/7dkorq2vrG+XNytb2zu5edf/gUae5YhiwVKSqFVGNgksMDDcCW5 lCmkQCm9HwZuo3n1BpnsoHM8owTGhf8pgzaqx077nn3WrNc70ZyDLxC1KDAo1u9avTS1meoDRMUK3bvpeZcEyV4UzgpNLJNWaUDWkf25ZKmqAOx7NTJ+TEKj0Sp8qWNGSm/p4Y00 TrURLZzoSagV70puJ/Xjs38VU45jLLDUo2XxTngpiUTP8mPa6QGTGyhDLF7a2EDaiizNh0KjYEf/HlZRKcudeud3deq18UaZThCI7hFHy4hDrcQgMCYNCHZ3iFN0c4L8678zFvLTn FzCH8gfP5A8JVjPE=</latexit><latexit sha1_base64="QH+KrBIHLDDHU13vF8kVOR5uxrI=">AAAB6XicbVBNS8NAE J3Ur1q/qh69LBbBU0hE/LgVvHisaGyhDWWznbRLN5uwuxFK6U/w4kHFq//Im//GbZuDtj4YeLw3w8y8KBNcG8/7dkorq2vrG+XNytb2zu5edf/gUae5YhiwVKSqFVGNgksMDDcCW5 lCmkQCm9HwZuo3n1BpnsoHM8owTGhf8pgzaqx077nn3WrNc70ZyDLxC1KDAo1u9avTS1meoDRMUK3bvpeZcEyV4UzgpNLJNWaUDWkf25ZKmqAOx7NTJ+TEKj0Sp8qWNGSm/p4Y00 TrURLZzoSagV70puJ/Xjs38VU45jLLDUo2XxTngpiUTP8mPa6QGTGyhDLF7a2EDaiizNh0KjYEf/HlZRKcudeud3deq18UaZThCI7hFHy4hDrcQgMCYNCHZ3iFN0c4L8678zFvLTn FzCH8gfP5A8JVjPE=</latexit><latexit sha1_base64="QH+KrBIHLDDHU13vF8kVOR5uxrI=">AAAB6XicbVBNS8NAE J3Ur1q/qh69LBbBU0hE/LgVvHisaGyhDWWznbRLN5uwuxFK6U/w4kHFq//Im//GbZuDtj4YeLw3w8y8KBNcG8/7dkorq2vrG+XNytb2zu5edf/gUae5YhiwVKSqFVGNgksMDDcCW5 lCmkQCm9HwZuo3n1BpnsoHM8owTGhf8pgzaqx077nn3WrNc70ZyDLxC1KDAo1u9avTS1meoDRMUK3bvpeZcEyV4UzgpNLJNWaUDWkf25ZKmqAOx7NTJ+TEKj0Sp8qWNGSm/p4Y00 TrURLZzoSagV70puJ/Xjs38VU45jLLDUo2XxTngpiUTP8mPa6QGTGyhDLF7a2EDaiizNh0KjYEf/HlZRKcudeud3deq18UaZThCI7hFHy4hDrcQgMCYNCHZ3iFN0c4L8678zFvLTn FzCH8gfP5A8JVjPE=</latexit>
0.6
<latexit sha1_base64="s3ZHBx2uhApLeFDBZsp+pzokUnE=">AAAB6XicbVBNS8NAE J34WetX1aOXxSJ4ColI1VvBi8eKxhbaUDbbSbt0swm7G6GU/gQvHlS8+o+8+W/ctjlo64OBx3szzMyLMsG18bxvZ2V1bX1js7RV3t7Z3duvHBw+6jRXDAOWilS1IqpRcImB4UZgK1 NIk0hgMxreTP3mEyrNU/lgRhmGCe1LHnNGjZXuPbfWrVQ915uBLBO/IFUo0OhWvjq9lOUJSsME1brte5kJx1QZzgROyp1cY0bZkPaxbamkCepwPDt1Qk6t0iNxqmxJQ2bq74kxTb QeJZHtTKgZ6EVvKv7ntXMTX4VjLrPcoGTzRXEuiEnJ9G/S4wqZESNLKFPc3krYgCrKjE2nbEPwF19eJsG5e+16dxfVeq1IowTHcAJn4MMl1OEWGhAAgz48wyu8OcJ5cd6dj3nrilP MHMEfOJ8/xVuM8w==</latexit><latexit sha1_base64="s3ZHBx2uhApLeFDBZsp+pzokUnE=">AAAB6XicbVBNS8NAE J34WetX1aOXxSJ4ColI1VvBi8eKxhbaUDbbSbt0swm7G6GU/gQvHlS8+o+8+W/ctjlo64OBx3szzMyLMsG18bxvZ2V1bX1js7RV3t7Z3duvHBw+6jRXDAOWilS1IqpRcImB4UZgK1 NIk0hgMxreTP3mEyrNU/lgRhmGCe1LHnNGjZXuPbfWrVQ915uBLBO/IFUo0OhWvjq9lOUJSsME1brte5kJx1QZzgROyp1cY0bZkPaxbamkCepwPDt1Qk6t0iNxqmxJQ2bq74kxTb QeJZHtTKgZ6EVvKv7ntXMTX4VjLrPcoGTzRXEuiEnJ9G/S4wqZESNLKFPc3krYgCrKjE2nbEPwF19eJsG5e+16dxfVeq1IowTHcAJn4MMl1OEWGhAAgz48wyu8OcJ5cd6dj3nrilP MHMEfOJ8/xVuM8w==</latexit><latexit sha1_base64="s3ZHBx2uhApLeFDBZsp+pzokUnE=">AAAB6XicbVBNS8NAE J34WetX1aOXxSJ4ColI1VvBi8eKxhbaUDbbSbt0swm7G6GU/gQvHlS8+o+8+W/ctjlo64OBx3szzMyLMsG18bxvZ2V1bX1js7RV3t7Z3duvHBw+6jRXDAOWilS1IqpRcImB4UZgK1 NIk0hgMxreTP3mEyrNU/lgRhmGCe1LHnNGjZXuPbfWrVQ915uBLBO/IFUo0OhWvjq9lOUJSsME1brte5kJx1QZzgROyp1cY0bZkPaxbamkCepwPDt1Qk6t0iNxqmxJQ2bq74kxTb QeJZHtTKgZ6EVvKv7ntXMTX4VjLrPcoGTzRXEuiEnJ9G/S4wqZESNLKFPc3krYgCrKjE2nbEPwF19eJsG5e+16dxfVeq1IowTHcAJn4MMl1OEWGhAAgz48wyu8OcJ5cd6dj3nrilP MHMEfOJ8/xVuM8w==</latexit>
0.8
<latexit sha1_base64="uu4Eyuu0zlrGsDCzLAnJ3zzmVl4=">AAAB6XicbVBNS8NAEJ34 WetX1aOXxSJ4ComI1lvBi8eKxhbaUDbbSbt0swm7G6GU/gQvHlS8+o+8+W/ctjlo64OBx3szzMyLMsG18bxvZ2V1bX1js7RV3t7Z3duvHBw+6jRXDAOWilS1IqpRcImB4UZgK1NIk0hgMxre TP3mEyrNU/lgRhmGCe1LHnNGjZXuPbfWrVQ915uBLBO/IFUo0OhWvjq9lOUJSsME1brte5kJx1QZzgROyp1cY0bZkPaxbamkCepwPDt1Qk6t0iNxqmxJQ2bq74kxTbQeJZHtTKgZ6EVvKv7 ntXMT18Ixl1luULL5ojgXxKRk+jfpcYXMiJEllClubyVsQBVlxqZTtiH4iy8vk+DcvXa9u4tq/bJIowTHcAJn4MMV1OEWGhAAgz48wyu8OcJ5cd6dj3nrilPMHMEfOJ8/yGGM9Q==</latex it><latexit sha1_base64="uu4Eyuu0zlrGsDCzLAnJ3zzmVl4=">AAAB6XicbVBNS8NAEJ34 WetX1aOXxSJ4ComI1lvBi8eKxhbaUDbbSbt0swm7G6GU/gQvHlS8+o+8+W/ctjlo64OBx3szzMyLMsG18bxvZ2V1bX1js7RV3t7Z3duvHBw+6jRXDAOWilS1IqpRcImB4UZgK1NIk0hgMxre TP3mEyrNU/lgRhmGCe1LHnNGjZXuPbfWrVQ915uBLBO/IFUo0OhWvjq9lOUJSsME1brte5kJx1QZzgROyp1cY0bZkPaxbamkCepwPDt1Qk6t0iNxqmxJQ2bq74kxTbQeJZHtTKgZ6EVvKv7 ntXMT18Ixl1luULL5ojgXxKRk+jfpcYXMiJEllClubyVsQBVlxqZTtiH4iy8vk+DcvXa9u4tq/bJIowTHcAJn4MMV1OEWGhAAgz48wyu8OcJ5cd6dj3nrilPMHMEfOJ8/yGGM9Q==</latex it><latexit sha1_base64="uu4Eyuu0zlrGsDCzLAnJ3zzmVl4=">AAAB6XicbVBNS8NAEJ34 WetX1aOXxSJ4ComI1lvBi8eKxhbaUDbbSbt0swm7G6GU/gQvHlS8+o+8+W/ctjlo64OBx3szzMyLMsG18bxvZ2V1bX1js7RV3t7Z3duvHBw+6jRXDAOWilS1IqpRcImB4UZgK1NIk0hgMxre TP3mEyrNU/lgRhmGCe1LHnNGjZXuPbfWrVQ915uBLBO/IFUo0OhWvjq9lOUJSsME1brte5kJx1QZzgROyp1cY0bZkPaxbamkCepwPDt1Qk6t0iNxqmxJQ2bq74kxTbQeJZHtTKgZ6EVvKv7 ntXMT18Ixl1luULL5ojgXxKRk+jfpcYXMiJEllClubyVsQBVlxqZTtiH4iy8vk+DcvXa9u4tq/bJIowTHcAJn4MMV1OEWGhAAgz48wyu8OcJ5cd6dj3nrilPMHMEfOJ8/yGGM9Q==</latex it>
1.0
<latexit sha1_base64="83mA11uUiGA+5OxodbevBEqepUA=">AAAB6XicbVBNS8NAEJ 3Ur1q/qh69LBbBU0hE/LgVvHisaGyhDWWz3bZLN5uwOxFK6E/w4kHFq//Im//GbZuDtj4YeLw3w8y8KJXCoOd9O6WV1bX1jfJmZWt7Z3evun/waJJMMx6wRCa6FVHDpVA8QIGSt1LN aRxJ3oxGN1O/+cS1EYl6wHHKw5gOlOgLRtFK977rdas1z/VmIMvEL0gNCjS61a9OL2FZzBUySY1p+16KYU41Cib5pNLJDE8pG9EBb1uqaMxNmM9OnZATq/RIP9G2FJKZ+nsip7Ex4z iynTHFoVn0puJ/XjvD/lWYC5VmyBWbL+pnkmBCpn+TntCcoRxbQpkW9lbChlRThjadig3BX3x5mQRn7rXr3Z3X6hdFGmU4gmM4BR8uoQ630IAAGAzgGV7hzZHOi/PufMxbS04xcwh/ 4Hz+AL3OjO4=</latexit><latexit sha1_base64="83mA11uUiGA+5OxodbevBEqepUA=">AAAB6XicbVBNS8NAEJ 3Ur1q/qh69LBbBU0hE/LgVvHisaGyhDWWz3bZLN5uwOxFK6E/w4kHFq//Im//GbZuDtj4YeLw3w8y8KJXCoOd9O6WV1bX1jfJmZWt7Z3evun/waJJMMx6wRCa6FVHDpVA8QIGSt1LN aRxJ3oxGN1O/+cS1EYl6wHHKw5gOlOgLRtFK977rdas1z/VmIMvEL0gNCjS61a9OL2FZzBUySY1p+16KYU41Cib5pNLJDE8pG9EBb1uqaMxNmM9OnZATq/RIP9G2FJKZ+nsip7Ex4z iynTHFoVn0puJ/XjvD/lWYC5VmyBWbL+pnkmBCpn+TntCcoRxbQpkW9lbChlRThjadig3BX3x5mQRn7rXr3Z3X6hdFGmU4gmM4BR8uoQ630IAAGAzgGV7hzZHOi/PufMxbS04xcwh/ 4Hz+AL3OjO4=</latexit><latexit sha1_base64="83mA11uUiGA+5OxodbevBEqepUA=">AAAB6XicbVBNS8NAEJ 3Ur1q/qh69LBbBU0hE/LgVvHisaGyhDWWz3bZLN5uwOxFK6E/w4kHFq//Im//GbZuDtj4YeLw3w8y8KJXCoOd9O6WV1bX1jfJmZWt7Z3evun/waJJMMx6wRCa6FVHDpVA8QIGSt1LN aRxJ3oxGN1O/+cS1EYl6wHHKw5gOlOgLRtFK977rdas1z/VmIMvEL0gNCjS61a9OL2FZzBUySY1p+16KYU41Cib5pNLJDE8pG9EBb1uqaMxNmM9OnZATq/RIP9G2FJKZ+nsip7Ex4z iynTHFoVn0puJ/XjvD/lWYC5VmyBWbL+pnkmBCpn+TntCcoRxbQpkW9lbChlRThjadig3BX3x5mQRn7rXr3Z3X6hdFGmU4gmM4BR8uoQ630IAAGAzgGV7hzZHOi/PufMxbS04xcwh/ 4Hz+AL3OjO4=</latexit>
0
<latexit sha1_base64="dNeCopwehRmO00gYnNwSKHuJxQU=">AAAB53icbVBNS8NAEJ34WetX 1aOXxSJ4KomIH7eCF48tGFtoQ9lsJ+3azSbsboQS+gu8eFDx6l/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/nZXVtfWNzdJWeXtnd2+/cnD4oJNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0O/VbT6g0T+S9 GacYxHQgecQZNVZqur1K1a25M5Bl4hWkCgUavcpXt5+wLEZpmKBadzw3NUFOleFM4KTczTSmlI3oADuWShqjDvLZoRNyapU+iRJlSxoyU39P5DTWehyHtjOmZqgXvan4n9fJTHQd5FymmUHJ5ouiTBCT kOnXpM8VMiPGllCmuL2VsCFVlBmbTdmG4C2+vEz889pNzW1eVOuXRRolOIYTOAMPrqAOd9AAHxggPMMrvDmPzovz7nzMW1ecYuYI/sD5/AHjyox7</latexit><latexit sha1_base64="dNeCopwehRmO00gYnNwSKHuJxQU=">AAAB53icbVBNS8NAEJ34WetX 1aOXxSJ4KomIH7eCF48tGFtoQ9lsJ+3azSbsboQS+gu8eFDx6l/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/nZXVtfWNzdJWeXtnd2+/cnD4oJNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0O/VbT6g0T+S9 GacYxHQgecQZNVZqur1K1a25M5Bl4hWkCgUavcpXt5+wLEZpmKBadzw3NUFOleFM4KTczTSmlI3oADuWShqjDvLZoRNyapU+iRJlSxoyU39P5DTWehyHtjOmZqgXvan4n9fJTHQd5FymmUHJ5ouiTBCT kOnXpM8VMiPGllCmuL2VsCFVlBmbTdmG4C2+vEz889pNzW1eVOuXRRolOIYTOAMPrqAOd9AAHxggPMMrvDmPzovz7nzMW1ecYuYI/sD5/AHjyox7</latexit><latexit sha1_base64="dNeCopwehRmO00gYnNwSKHuJxQU=">AAAB53icbVBNS8NAEJ34WetX 1aOXxSJ4KomIH7eCF48tGFtoQ9lsJ+3azSbsboQS+gu8eFDx6l/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/nZXVtfWNzdJWeXtnd2+/cnD4oJNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0O/VbT6g0T+S9 GacYxHQgecQZNVZqur1K1a25M5Bl4hWkCgUavcpXt5+wLEZpmKBadzw3NUFOleFM4KTczTSmlI3oADuWShqjDvLZoRNyapU+iRJlSxoyU39P5DTWehyHtjOmZqgXvan4n9fJTHQd5FymmUHJ5ouiTBCT kOnXpM8VMiPGllCmuL2VsCFVlBmbTdmG4C2+vEz889pNzW1eVOuXRRolOIYTOAMPrqAOd9AAHxggPMMrvDmPzovz7nzMW1ecYuYI/sD5/AHjyox7</latexit>
0.2
<latexit sha1_base64="H6KQCueTbydpzqHgk6ok728gxuY=">AAAB6XicbVBNS8NAE J34WetX1aOXxSJ4CkkRP24FLx4rGltoQ9lsJ+3SzSbsboRS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvygTXxvO+nZXVtfWNzdJWeXtnd2+/cnD4qNNcMQxYKlLViqhGwSUGhhuBrU whTSKBzWh4M/WbT6g0T+WDGWUYJrQvecwZNVa699xat1L1XG8Gskz8glShQKNb+er0UpYnKA0TVOu272UmHFNlOBM4KXdyjRllQ9rHtqWSJqjD8ezUCTm1So/EqbIlDZmpvyfGNN F6lES2M6FmoBe9qfif185NfBWOucxyg5LNF8W5ICYl079JjytkRowsoUxxeythA6ooMzadsg3BX3x5mQQ199r17s6r9YsijRIcwwmcgQ+XUIdbaEAADPrwDK/w5gjnxXl3PuatK04 xcwR/4Hz+AL9PjO8=</latexit><latexit sha1_base64="H6KQCueTbydpzqHgk6ok728gxuY=">AAAB6XicbVBNS8NAE J34WetX1aOXxSJ4CkkRP24FLx4rGltoQ9lsJ+3SzSbsboRS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvygTXxvO+nZXVtfWNzdJWeXtnd2+/cnD4qNNcMQxYKlLViqhGwSUGhhuBrU whTSKBzWh4M/WbT6g0T+WDGWUYJrQvecwZNVa699xat1L1XG8Gskz8glShQKNb+er0UpYnKA0TVOu272UmHFNlOBM4KXdyjRllQ9rHtqWSJqjD8ezUCTm1So/EqbIlDZmpvyfGNN F6lES2M6FmoBe9qfif185NfBWOucxyg5LNF8W5ICYl079JjytkRowsoUxxeythA6ooMzadsg3BX3x5mQQ199r17s6r9YsijRIcwwmcgQ+XUIdbaEAADPrwDK/w5gjnxXl3PuatK04 xcwR/4Hz+AL9PjO8=</latexit><latexit sha1_base64="H6KQCueTbydpzqHgk6ok728gxuY=">AAAB6XicbVBNS8NAE J34WetX1aOXxSJ4CkkRP24FLx4rGltoQ9lsJ+3SzSbsboRS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvygTXxvO+nZXVtfWNzdJWeXtnd2+/cnD4qNNcMQxYKlLViqhGwSUGhhuBrU whTSKBzWh4M/WbT6g0T+WDGWUYJrQvecwZNVa699xat1L1XG8Gskz8glShQKNb+er0UpYnKA0TVOu272UmHFNlOBM4KXdyjRllQ9rHtqWSJqjD8ezUCTm1So/EqbIlDZmpvyfGNN F6lES2M6FmoBe9qfif185NfBWOucxyg5LNF8W5ICYl079JjytkRowsoUxxeythA6ooMzadsg3BX3x5mQQ199r17s6r9YsijRIcwwmcgQ+XUIdbaEAADPrwDK/w5gjnxXl3PuatK04 xcwR/4Hz+AL9PjO8=</latexit>
0.4
<latexit sha1_base64="QH+KrBIHLDDHU13vF8kVOR5uxrI=">AAAB6XicbVBNS8NAE J3Ur1q/qh69LBbBU0hE/LgVvHisaGyhDWWznbRLN5uwuxFK6U/w4kHFq//Im//GbZuDtj4YeLw3w8y8KBNcG8/7dkorq2vrG+XNytb2zu5edf/gUae5YhiwVKSqFVGNgksMDDcCW5 lCmkQCm9HwZuo3n1BpnsoHM8owTGhf8pgzaqx077nn3WrNc70ZyDLxC1KDAo1u9avTS1meoDRMUK3bvpeZcEyV4UzgpNLJNWaUDWkf25ZKmqAOx7NTJ+TEKj0Sp8qWNGSm/p4Y00 TrURLZzoSagV70puJ/Xjs38VU45jLLDUo2XxTngpiUTP8mPa6QGTGyhDLF7a2EDaiizNh0KjYEf/HlZRKcudeud3deq18UaZThCI7hFHy4hDrcQgMCYNCHZ3iFN0c4L8678zFvLTn FzCH8gfP5A8JVjPE=</latexit><latexit sha1_base64="QH+KrBIHLDDHU13vF8kVOR5uxrI=">AAAB6XicbVBNS8NAE J3Ur1q/qh69LBbBU0hE/LgVvHisaGyhDWWznbRLN5uwuxFK6U/w4kHFq//Im//GbZuDtj4YeLw3w8y8KBNcG8/7dkorq2vrG+XNytb2zu5edf/gUae5YhiwVKSqFVGNgksMDDcCW5 lCmkQCm9HwZuo3n1BpnsoHM8owTGhf8pgzaqx077nn3WrNc70ZyDLxC1KDAo1u9avTS1meoDRMUK3bvpeZcEyV4UzgpNLJNWaUDWkf25ZKmqAOx7NTJ+TEKj0Sp8qWNGSm/p4Y00 TrURLZzoSagV70puJ/Xjs38VU45jLLDUo2XxTngpiUTP8mPa6QGTGyhDLF7a2EDaiizNh0KjYEf/HlZRKcudeud3deq18UaZThCI7hFHy4hDrcQgMCYNCHZ3iFN0c4L8678zFvLTn FzCH8gfP5A8JVjPE=</latexit><latexit sha1_base64="QH+KrBIHLDDHU13vF8kVOR5uxrI=">AAAB6XicbVBNS8NAE J3Ur1q/qh69LBbBU0hE/LgVvHisaGyhDWWznbRLN5uwuxFK6U/w4kHFq//Im//GbZuDtj4YeLw3w8y8KBNcG8/7dkorq2vrG+XNytb2zu5edf/gUae5YhiwVKSqFVGNgksMDDcCW5 lCmkQCm9HwZuo3n1BpnsoHM8owTGhf8pgzaqx077nn3WrNc70ZyDLxC1KDAo1u9avTS1meoDRMUK3bvpeZcEyV4UzgpNLJNWaUDWkf25ZKmqAOx7NTJ+TEKj0Sp8qWNGSm/p4Y00 TrURLZzoSagV70puJ/Xjs38VU45jLLDUo2XxTngpiUTP8mPa6QGTGyhDLF7a2EDaiizNh0KjYEf/HlZRKcudeud3deq18UaZThCI7hFHy4hDrcQgMCYNCHZ3iFN0c4L8678zFvLTn FzCH8gfP5A8JVjPE=</latexit>
0.6
<latexit sha1_base64="s3ZHBx2uhApLeFDBZsp+pzokUnE=">AAAB6XicbVBNS8NAE J34WetX1aOXxSJ4ColI1VvBi8eKxhbaUDbbSbt0swm7G6GU/gQvHlS8+o+8+W/ctjlo64OBx3szzMyLMsG18bxvZ2V1bX1js7RV3t7Z3duvHBw+6jRXDAOWilS1IqpRcImB4UZgK1 NIk0hgMxreTP3mEyrNU/lgRhmGCe1LHnNGjZXuPbfWrVQ915uBLBO/IFUo0OhWvjq9lOUJSsME1brte5kJx1QZzgROyp1cY0bZkPaxbamkCepwPDt1Qk6t0iNxqmxJQ2bq74kxTb QeJZHtTKgZ6EVvKv7ntXMTX4VjLrPcoGTzRXEuiEnJ9G/S4wqZESNLKFPc3krYgCrKjE2nbEPwF19eJsG5e+16dxfVeq1IowTHcAJn4MMl1OEWGhAAgz48wyu8OcJ5cd6dj3nrilP MHMEfOJ8/xVuM8w==</latexit><latexit sha1_base64="s3ZHBx2uhApLeFDBZsp+pzokUnE=">AAAB6XicbVBNS8NAE J34WetX1aOXxSJ4ColI1VvBi8eKxhbaUDbbSbt0swm7G6GU/gQvHlS8+o+8+W/ctjlo64OBx3szzMyLMsG18bxvZ2V1bX1js7RV3t7Z3duvHBw+6jRXDAOWilS1IqpRcImB4UZgK1 NIk0hgMxreTP3mEyrNU/lgRhmGCe1LHnNGjZXuPbfWrVQ915uBLBO/IFUo0OhWvjq9lOUJSsME1brte5kJx1QZzgROyp1cY0bZkPaxbamkCepwPDt1Qk6t0iNxqmxJQ2bq74kxTb QeJZHtTKgZ6EVvKv7ntXMTX4VjLrPcoGTzRXEuiEnJ9G/S4wqZESNLKFPc3krYgCrKjE2nbEPwF19eJsG5e+16dxfVeq1IowTHcAJn4MMl1OEWGhAAgz48wyu8OcJ5cd6dj3nrilP MHMEfOJ8/xVuM8w==</latexit><latexit sha1_base64="s3ZHBx2uhApLeFDBZsp+pzokUnE=">AAAB6XicbVBNS8NAE J34WetX1aOXxSJ4ColI1VvBi8eKxhbaUDbbSbt0swm7G6GU/gQvHlS8+o+8+W/ctjlo64OBx3szzMyLMsG18bxvZ2V1bX1js7RV3t7Z3duvHBw+6jRXDAOWilS1IqpRcImB4UZgK1 NIk0hgMxreTP3mEyrNU/lgRhmGCe1LHnNGjZXuPbfWrVQ915uBLBO/IFUo0OhWvjq9lOUJSsME1brte5kJx1QZzgROyp1cY0bZkPaxbamkCepwPDt1Qk6t0iNxqmxJQ2bq74kxTb QeJZHtTKgZ6EVvKv7ntXMTX4VjLrPcoGTzRXEuiEnJ9G/S4wqZESNLKFPc3krYgCrKjE2nbEPwF19eJsG5e+16dxfVeq1IowTHcAJn4MMl1OEWGhAAgz48wyu8OcJ5cd6dj3nrilP MHMEfOJ8/xVuM8w==</latexit>
0.8
<latexit sha1_base64="uu4Eyuu0zlrGsDCzLAnJ3zzmVl4=">AAAB6XicbVBNS8NAEJ34 WetX1aOXxSJ4ComI1lvBi8eKxhbaUDbbSbt0swm7G6GU/gQvHlS8+o+8+W/ctjlo64OBx3szzMyLMsG18bxvZ2V1bX1js7RV3t7Z3duvHBw+6jRXDAOWilS1IqpRcImB4UZgK1NIk0hgMxre TP3mEyrNU/lgRhmGCe1LHnNGjZXuPbfWrVQ915uBLBO/IFUo0OhWvjq9lOUJSsME1brte5kJx1QZzgROyp1cY0bZkPaxbamkCepwPDt1Qk6t0iNxqmxJQ2bq74kxTbQeJZHtTKgZ6EVvKv7 ntXMT18Ixl1luULL5ojgXxKRk+jfpcYXMiJEllClubyVsQBVlxqZTtiH4iy8vk+DcvXa9u4tq/bJIowTHcAJn4MMV1OEWGhAAgz48wyu8OcJ5cd6dj3nrilPMHMEfOJ8/yGGM9Q==</latex it><latexit sha1_base64="uu4Eyuu0zlrGsDCzLAnJ3zzmVl4=">AAAB6XicbVBNS8NAEJ34 WetX1aOXxSJ4ComI1lvBi8eKxhbaUDbbSbt0swm7G6GU/gQvHlS8+o+8+W/ctjlo64OBx3szzMyLMsG18bxvZ2V1bX1js7RV3t7Z3duvHBw+6jRXDAOWilS1IqpRcImB4UZgK1NIk0hgMxre TP3mEyrNU/lgRhmGCe1LHnNGjZXuPbfWrVQ915uBLBO/IFUo0OhWvjq9lOUJSsME1brte5kJx1QZzgROyp1cY0bZkPaxbamkCepwPDt1Qk6t0iNxqmxJQ2bq74kxTbQeJZHtTKgZ6EVvKv7 ntXMT18Ixl1luULL5ojgXxKRk+jfpcYXMiJEllClubyVsQBVlxqZTtiH4iy8vk+DcvXa9u4tq/bJIowTHcAJn4MMV1OEWGhAAgz48wyu8OcJ5cd6dj3nrilPMHMEfOJ8/yGGM9Q==</latex it><latexit sha1_base64="uu4Eyuu0zlrGsDCzLAnJ3zzmVl4=">AAAB6XicbVBNS8NAEJ34 WetX1aOXxSJ4ComI1lvBi8eKxhbaUDbbSbt0swm7G6GU/gQvHlS8+o+8+W/ctjlo64OBx3szzMyLMsG18bxvZ2V1bX1js7RV3t7Z3duvHBw+6jRXDAOWilS1IqpRcImB4UZgK1NIk0hgMxre TP3mEyrNU/lgRhmGCe1LHnNGjZXuPbfWrVQ915uBLBO/IFUo0OhWvjq9lOUJSsME1brte5kJx1QZzgROyp1cY0bZkPaxbamkCepwPDt1Qk6t0iNxqmxJQ2bq74kxTbQeJZHtTKgZ6EVvKv7 ntXMT18Ixl1luULL5ojgXxKRk+jfpcYXMiJEllClubyVsQBVlxqZTtiH4iy8vk+DcvXa9u4tq/bJIowTHcAJn4MMV1OEWGhAAgz48wyu8OcJ5cd6dj3nrilPMHMEfOJ8/yGGM9Q==</latex it>
1.0
<latexit sha1_base64="83mA11uUiGA+5OxodbevBEqepUA=">AAAB6XicbVBNS8 NAEJ3Ur1q/qh69LBbBU0hE/LgVvHisaGyhDWWz3bZLN5uwOxFK6E/w4kHFq//Im//GbZuDtj4YeLw3w8y8KJXCoOd9O6WV1bX1jfJmZWt7Z3evun/waJJMMx6wRCa6FVHDpV A8QIGSt1LNaRxJ3oxGN1O/+cS1EYl6wHHKw5gOlOgLRtFK977rdas1z/VmIMvEL0gNCjS61a9OL2FZzBUySY1p+16KYU41Cib5pNLJDE8pG9EBb1uqaMxNmM9OnZATq/RIP9 G2FJKZ+nsip7Ex4ziynTHFoVn0puJ/XjvD/lWYC5VmyBWbL+pnkmBCpn+TntCcoRxbQpkW9lbChlRThjadig3BX3x5mQRn7rXr3Z3X6hdFGmU4gmM4BR8uoQ630IAAGAzgG V7hzZHOi/PufMxbS04xcwh/4Hz+AL3OjO4=</latexit><latexit sha1_base64="83mA11uUiGA+5OxodbevBEqepUA=">AAAB6XicbVBNS8 NAEJ3Ur1q/qh69LBbBU0hE/LgVvHisaGyhDWWz3bZLN5uwOxFK6E/w4kHFq//Im//GbZuDtj4YeLw3w8y8KJXCoOd9O6WV1bX1jfJmZWt7Z3evun/waJJMMx6wRCa6FVHDpV A8QIGSt1LNaRxJ3oxGN1O/+cS1EYl6wHHKw5gOlOgLRtFK977rdas1z/VmIMvEL0gNCjS61a9OL2FZzBUySY1p+16KYU41Cib5pNLJDE8pG9EBb1uqaMxNmM9OnZATq/RIP9 G2FJKZ+nsip7Ex4ziynTHFoVn0puJ/XjvD/lWYC5VmyBWbL+pnkmBCpn+TntCcoRxbQpkW9lbChlRThjadig3BX3x5mQRn7rXr3Z3X6hdFGmU4gmM4BR8uoQ630IAAGAzgG V7hzZHOi/PufMxbS04xcwh/4Hz+AL3OjO4=</latexit><latexit sha1_base64="83mA11uUiGA+5OxodbevBEqepUA=">AAAB6XicbVBNS8 NAEJ3Ur1q/qh69LBbBU0hE/LgVvHisaGyhDWWz3bZLN5uwOxFK6E/w4kHFq//Im//GbZuDtj4YeLw3w8y8KJXCoOd9O6WV1bX1jfJmZWt7Z3evun/waJJMMx6wRCa6FVHDpV A8QIGSt1LNaRxJ3oxGN1O/+cS1EYl6wHHKw5gOlOgLRtFK977rdas1z/VmIMvEL0gNCjS61a9OL2FZzBUySY1p+16KYU41Cib5pNLJDE8pG9EBb1uqaMxNmM9OnZATq/RIP9 G2FJKZ+nsip7Ex4ziynTHFoVn0puJ/XjvD/lWYC5VmyBWbL+pnkmBCpn+TntCcoRxbQpkW9lbChlRThjadig3BX3x5mQRn7rXr3Z3X6hdFGmU4gmM4BR8uoQ630IAAGAzgG V7hzZHOi/PufMxbS04xcwh/4Hz+AL3OjO4=</latexit>
0
<latexit sha1_base64="dNeCopwehRmO00gYnNwSKHuJxQU=">AAAB53icbVBNS8N AEJ34WetX1aOXxSJ4KomIH7eCF48tGFtoQ9lsJ+3azSbsboQS+gu8eFDx6l/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/nZXVtfWNzdJWeXtnd2+/cnD4oJNMMfRZIhLVDqlGwSX6 hhuB7VQhjUOBrXB0O/VbT6g0T+S9GacYxHQgecQZNVZqur1K1a25M5Bl4hWkCgUavcpXt5+wLEZpmKBadzw3NUFOleFM4KTczTSmlI3oADuWShqjDvLZoRNyapU+iRJlSxoyU 39P5DTWehyHtjOmZqgXvan4n9fJTHQd5FymmUHJ5ouiTBCTkOnXpM8VMiPGllCmuL2VsCFVlBmbTdmG4C2+vEz889pNzW1eVOuXRRolOIYTOAMPrqAOd9AAHxggPMMrvDmPzo vz7nzMW1ecYuYI/sD5/AHjyox7</latexit><latexit sha1_base64="dNeCopwehRmO00gYnNwSKHuJxQU=">AAAB53icbVBNS8N AEJ34WetX1aOXxSJ4KomIH7eCF48tGFtoQ9lsJ+3azSbsboQS+gu8eFDx6l/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/nZXVtfWNzdJWeXtnd2+/cnD4oJNMMfRZIhLVDqlGwSX6 hhuB7VQhjUOBrXB0O/VbT6g0T+S9GacYxHQgecQZNVZqur1K1a25M5Bl4hWkCgUavcpXt5+wLEZpmKBadzw3NUFOleFM4KTczTSmlI3oADuWShqjDvLZoRNyapU+iRJlSxoyU 39P5DTWehyHtjOmZqgXvan4n9fJTHQd5FymmUHJ5ouiTBCTkOnXpM8VMiPGllCmuL2VsCFVlBmbTdmG4C2+vEz889pNzW1eVOuXRRolOIYTOAMPrqAOd9AAHxggPMMrvDmPzo vz7nzMW1ecYuYI/sD5/AHjyox7</latexit><latexit sha1_base64="dNeCopwehRmO00gYnNwSKHuJxQU=">AAAB53icbVBNS8N AEJ34WetX1aOXxSJ4KomIH7eCF48tGFtoQ9lsJ+3azSbsboQS+gu8eFDx6l/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/nZXVtfWNzdJWeXtnd2+/cnD4oJNMMfRZIhLVDqlGwSX6 hhuB7VQhjUOBrXB0O/VbT6g0T+S9GacYxHQgecQZNVZqur1K1a25M5Bl4hWkCgUavcpXt5+wLEZpmKBadzw3NUFOleFM4KTczTSmlI3oADuWShqjDvLZoRNyapU+iRJlSxoyU 39P5DTWehyHtjOmZqgXvan4n9fJTHQd5FymmUHJ5ouiTBCTkOnXpM8VMiPGllCmuL2VsCFVlBmbTdmG4C2+vEz889pNzW1eVOuXRRolOIYTOAMPrqAOd9AAHxggPMMrvDmPzo vz7nzMW1ecYuYI/sD5/AHjyox7</latexit>
L R
QPC
<latexit sha1_base64="fzYXAfRSKls2xQ4CcwyaxRtujMI=">AAAB8HicbVBNS8NAEN 34WetX1aOXxSJ4KqmIH7dCLx5bMLbYhrLZTtqlm03YnYgl9F948aDi1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHB4b+JUc/B4LGPdDpgBKRR4KFBCO9HAok BCKxjVp37rEbQRsbrDcQJ+xAZKhIIztNJDF+EJs2ajPumVym7FnYEuk2pOyiRHo1f66vZjnkagkEtmTKfqJuhnTKPgEibFbmogYXzEBtCxVLEIjJ/NLp7QU6v0aRhrWwrpTP09kbHImH EU2M6I4dAselPxP6+TYnjtZ0IlKYLi80VhKinGdPo+7QsNHOXYEsa1sLdSPmSacbQhFW0I1cWXl4l3XrmpuM2Lcu0yT6NAjskJOSNVckVq5JY0iEc4UeSZvJI3xzgvzrvzMW9dcfKZI/ IHzucPAeGQog==</latexit><latexit sha1_base64="fzYXAfRSKls2xQ4CcwyaxRtujMI=">AAAB8HicbVBNS8NAEN 34WetX1aOXxSJ4KqmIH7dCLx5bMLbYhrLZTtqlm03YnYgl9F948aDi1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHB4b+JUc/B4LGPdDpgBKRR4KFBCO9HAok BCKxjVp37rEbQRsbrDcQJ+xAZKhIIztNJDF+EJs2ajPumVym7FnYEuk2pOyiRHo1f66vZjnkagkEtmTKfqJuhnTKPgEibFbmogYXzEBtCxVLEIjJ/NLp7QU6v0aRhrWwrpTP09kbHImH EU2M6I4dAselPxP6+TYnjtZ0IlKYLi80VhKinGdPo+7QsNHOXYEsa1sLdSPmSacbQhFW0I1cWXl4l3XrmpuM2Lcu0yT6NAjskJOSNVckVq5JY0iEc4UeSZvJI3xzgvzrvzMW9dcfKZI/ IHzucPAeGQog==</latexit><latexit sha1_base64="fzYXAfRSKls2xQ4CcwyaxRtujMI=">AAAB8HicbVBNS8NAEN 34WetX1aOXxSJ4KqmIH7dCLx5bMLbYhrLZTtqlm03YnYgl9F948aDi1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHB4b+JUc/B4LGPdDpgBKRR4KFBCO9HAok BCKxjVp37rEbQRsbrDcQJ+xAZKhIIztNJDF+EJs2ajPumVym7FnYEuk2pOyiRHo1f66vZjnkagkEtmTKfqJuhnTKPgEibFbmogYXzEBtCxVLEIjJ/NLp7QU6v0aRhrWwrpTP09kbHImH EU2M6I4dAselPxP6+TYnjtZ0IlKYLi80VhKinGdPo+7QsNHOXYEsa1sLdSPmSacbQhFW0I1cWXl4l3XrmpuM2Lcu0yT6NAjskJOSNVckVq5JY0iEc4UeSZvJI3xzgvzrvzMW9dcfKZI/ IHzucPAeGQog==</latexit>(b)
<latexit sha1_base64="cB64NSSEFO2IxbDkg6qYlaBphUw=">AAAB8HicbVBNS8NAEN 34WetX1aOXxSLUS0lF/LgVvHisYGyxDWWznbRLN5uwOxFL6L/w4kHFqz/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O0vLK6tr64WN4ubW9s5uaW//3sSp5uDxWMa6FTADUijwUKCEVqKBRY GEZjC8nvjNR9BGxOoORwn4EesrEQrO0EoPHYQnzCrBybhbKrtVdwq6SGo5KZMcjW7pq9OLeRqBQi6ZMe2am6CfMY2CSxgXO6mBhPEh60PbUsUiMH42vXhMj63So2GsbSmkU/X3RMYiY0 ZRYDsjhgMz703E/7x2iuGlnwmVpAiKzxaFqaQY08n7tCc0cJQjSxjXwt5K+YBpxtGGVLQh1OZfXiTeafWq6t6elevneRoFckiOSIXUyAWpkxvSIB7hRJFn8kreHOO8OO/Ox6x1yclnDs gfOJ8/t06QcQ==</latexit><latexit sha1_base64="cB64NSSEFO2IxbDkg6qYlaBphUw=">AAAB8HicbVBNS8NAEN 34WetX1aOXxSLUS0lF/LgVvHisYGyxDWWznbRLN5uwOxFL6L/w4kHFqz/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O0vLK6tr64WN4ubW9s5uaW//3sSp5uDxWMa6FTADUijwUKCEVqKBRY GEZjC8nvjNR9BGxOoORwn4EesrEQrO0EoPHYQnzCrBybhbKrtVdwq6SGo5KZMcjW7pq9OLeRqBQi6ZMe2am6CfMY2CSxgXO6mBhPEh60PbUsUiMH42vXhMj63So2GsbSmkU/X3RMYiY0 ZRYDsjhgMz703E/7x2iuGlnwmVpAiKzxaFqaQY08n7tCc0cJQjSxjXwt5K+YBpxtGGVLQh1OZfXiTeafWq6t6elevneRoFckiOSIXUyAWpkxvSIB7hRJFn8kreHOO8OO/Ox6x1yclnDs gfOJ8/t06QcQ==</latexit><latexit sha1_base64="cB64NSSEFO2IxbDkg6qYlaBphUw=">AAAB8HicbVBNS8NAEN 34WetX1aOXxSLUS0lF/LgVvHisYGyxDWWznbRLN5uwOxFL6L/w4kHFqz/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O0vLK6tr64WN4ubW9s5uaW//3sSp5uDxWMa6FTADUijwUKCEVqKBRY GEZjC8nvjNR9BGxOoORwn4EesrEQrO0EoPHYQnzCrBybhbKrtVdwq6SGo5KZMcjW7pq9OLeRqBQi6ZMe2am6CfMY2CSxgXO6mBhPEh60PbUsUiMH42vXhMj63So2GsbSmkU/X3RMYiY0 ZRYDsjhgMz703E/7x2iuGlnwmVpAiKzxaFqaQY08n7tCc0cJQjSxjXwt5K+YBpxtGGVLQh1OZfXiTeafWq6t6elevneRoFckiOSIXUyAWpkxvSIB7hRJFn8kreHOO8OO/Ox6x1yclnDs gfOJ8/t06QcQ==</latexit>
(d)
<latexit sha1_base64="7rkcd9M1t5EeTqwrN9r8fZ6HhTQ=">AAAB8HicbVBNS8NAEJ 34WetX1aOXYBHqpSQiftwKXjxWMLbYhrLZbNqlm03YnYgl9F948aDi1Z/jzX/jts1BWx8MPN6bYWZekAqu0XG+raXlldW19dJGeXNre2e3srd/r5NMUebRRCSqHRDNBJfMQ46CtVPFSB wI1gqG1xO/9ciU5om8w1HK/Jj0JY84JWikhy6yJ8xr4cm4V6k6dWcKe5G4BalCgWav8tUNE5rFTCIVROuO66To50Qhp4KNy91Ms5TQIemzjqGSxEz7+fTisX1slNCOEmVKoj1Vf0/kJN Z6FAemMyY40PPeRPzP62QYXfo5l2mGTNLZoigTNib25H075IpRFCNDCFXc3GrTAVGEogmpbEJw519eJN5p/aru3J5VG+dFGiU4hCOogQsX0IAbaIIHFCQ8wyu8Wdp6sd6tj1nrklXMHM AfWJ8/uliQcw==</latexit><latexit sha1_base64="7rkcd9M1t5EeTqwrN9r8fZ6HhTQ=">AAAB8HicbVBNS8NAEJ 34WetX1aOXYBHqpSQiftwKXjxWMLbYhrLZbNqlm03YnYgl9F948aDi1Z/jzX/jts1BWx8MPN6bYWZekAqu0XG+raXlldW19dJGeXNre2e3srd/r5NMUebRRCSqHRDNBJfMQ46CtVPFSB wI1gqG1xO/9ciU5om8w1HK/Jj0JY84JWikhy6yJ8xr4cm4V6k6dWcKe5G4BalCgWav8tUNE5rFTCIVROuO66To50Qhp4KNy91Ms5TQIemzjqGSxEz7+fTisX1slNCOEmVKoj1Vf0/kJN Z6FAemMyY40PPeRPzP62QYXfo5l2mGTNLZoigTNib25H075IpRFCNDCFXc3GrTAVGEogmpbEJw519eJN5p/aru3J5VG+dFGiU4hCOogQsX0IAbaIIHFCQ8wyu8Wdp6sd6tj1nrklXMHM AfWJ8/uliQcw==</latexit><latexit sha1_base64="7rkcd9M1t5EeTqwrN9r8fZ6HhTQ=">AAAB8HicbVBNS8NAEJ 34WetX1aOXYBHqpSQiftwKXjxWMLbYhrLZbNqlm03YnYgl9F948aDi1Z/jzX/jts1BWx8MPN6bYWZekAqu0XG+raXlldW19dJGeXNre2e3srd/r5NMUebRRCSqHRDNBJfMQ46CtVPFSB wI1gqG1xO/9ciU5om8w1HK/Jj0JY84JWikhy6yJ8xr4cm4V6k6dWcKe5G4BalCgWav8tUNE5rFTCIVROuO66To50Qhp4KNy91Ms5TQIemzjqGSxEz7+fTisX1slNCOEmVKoj1Vf0/kJN Z6FAemMyY40PPeRPzP62QYXfo5l2mGTNLZoigTNib25H075IpRFCNDCFXc3GrTAVGEogmpbEJw519eJN5p/aru3J5VG+dFGiU4hCOogQsX0IAbaIIHFCQ8wyu8Wdp6sd6tj1nrklXMHM AfWJ8/uliQcw==</latexit>
0.2
<latexit sha1_base64="H6KQCueTbydpzqHgk6ok728gxuY=">AAAB6XicbVBNS8NAE J34WetX1aOXxSJ4CkkRP24FLx4rGltoQ9lsJ+3SzSbsboRS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvygTXxvO+nZXVtfWNzdJWeXtnd2+/cnD4qNNcMQxYKlLViqhGwSUGhhuBrU whTSKBzWh4M/WbT6g0T+WDGWUYJrQvecwZNVa699xat1L1XG8Gskz8glShQKNb+er0UpYnKA0TVOu272UmHFNlOBM4KXdyjRllQ9rHtqWSJqjD8ezUCTm1So/EqbIlDZmpvyfGNN F6lES2M6FmoBe9qfif185NfBWOucxyg5LNF8W5ICYl079JjytkRowsoUxxeythA6ooMzadsg3BX3x5mQQ199r17s6r9YsijRIcwwmcgQ+XUIdbaEAADPrwDK/w5gjnxXl3PuatK04 xcwR/4Hz+AL9PjO8=</latexit><latexit sha1_base64="H6KQCueTbydpzqHgk6ok728gxuY=">AAAB6XicbVBNS8NAE J34WetX1aOXxSJ4CkkRP24FLx4rGltoQ9lsJ+3SzSbsboRS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvygTXxvO+nZXVtfWNzdJWeXtnd2+/cnD4qNNcMQxYKlLViqhGwSUGhhuBrU whTSKBzWh4M/WbT6g0T+WDGWUYJrQvecwZNVa699xat1L1XG8Gskz8glShQKNb+er0UpYnKA0TVOu272UmHFNlOBM4KXdyjRllQ9rHtqWSJqjD8ezUCTm1So/EqbIlDZmpvyfGNN F6lES2M6FmoBe9qfif185NfBWOucxyg5LNF8W5ICYl079JjytkRowsoUxxeythA6ooMzadsg3BX3x5mQQ199r17s6r9YsijRIcwwmcgQ+XUIdbaEAADPrwDK/w5gjnxXl3PuatK04 xcwR/4Hz+AL9PjO8=</latexit><latexit sha1_base64="H6KQCueTbydpzqHgk6ok728gxuY=">AAAB6XicbVBNS8NAE J34WetX1aOXxSJ4CkkRP24FLx4rGltoQ9lsJ+3SzSbsboRS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvygTXxvO+nZXVtfWNzdJWeXtnd2+/cnD4qNNcMQxYKlLViqhGwSUGhhuBrU whTSKBzWh4M/WbT6g0T+WDGWUYJrQvecwZNVa699xat1L1XG8Gskz8glShQKNb+er0UpYnKA0TVOu272UmHFNlOBM4KXdyjRllQ9rHtqWSJqjD8ezUCTm1So/EqbIlDZmpvyfGNN F6lES2M6FmoBe9qfif185NfBWOucxyg5LNF8W5ICYl079JjytkRowsoUxxeythA6ooMzadsg3BX3x5mQQ199r17s6r9YsijRIcwwmcgQ+XUIdbaEAADPrwDK/w5gjnxXl3PuatK04 xcwR/4Hz+AL9PjO8=</latexit>
0.4
<latexit sha1_base64="QH+KrBIHLDDHU13vF8kVOR5uxrI=">AAAB6XicbVBNS8NAE J3Ur1q/qh69LBbBU0hE/LgVvHisaGyhDWWznbRLN5uwuxFK6U/w4kHFq//Im//GbZuDtj4YeLw3w8y8KBNcG8/7dkorq2vrG+XNytb2zu5edf/gUae5YhiwVKSqFVGNgksMDDcCW5 lCmkQCm9HwZuo3n1BpnsoHM8owTGhf8pgzaqx077nn3WrNc70ZyDLxC1KDAo1u9avTS1meoDRMUK3bvpeZcEyV4UzgpNLJNWaUDWkf25ZKmqAOx7NTJ+TEKj0Sp8qWNGSm/p4Y00 TrURLZzoSagV70puJ/Xjs38VU45jLLDUo2XxTngpiUTP8mPa6QGTGyhDLF7a2EDaiizNh0KjYEf/HlZRKcudeud3deq18UaZThCI7hFHy4hDrcQgMCYNCHZ3iFN0c4L8678zFvLTn FzCH8gfP5A8JVjPE=</latexit><latexit sha1_base64="QH+KrBIHLDDHU13vF8kVOR5uxrI=">AAAB6XicbVBNS8NAE J3Ur1q/qh69LBbBU0hE/LgVvHisaGyhDWWznbRLN5uwuxFK6U/w4kHFq//Im//GbZuDtj4YeLw3w8y8KBNcG8/7dkorq2vrG+XNytb2zu5edf/gUae5YhiwVKSqFVGNgksMDDcCW5 lCmkQCm9HwZuo3n1BpnsoHM8owTGhf8pgzaqx077nn3WrNc70ZyDLxC1KDAo1u9avTS1meoDRMUK3bvpeZcEyV4UzgpNLJNWaUDWkf25ZKmqAOx7NTJ+TEKj0Sp8qWNGSm/p4Y00 TrURLZzoSagV70puJ/Xjs38VU45jLLDUo2XxTngpiUTP8mPa6QGTGyhDLF7a2EDaiizNh0KjYEf/HlZRKcudeud3deq18UaZThCI7hFHy4hDrcQgMCYNCHZ3iFN0c4L8678zFvLTn FzCH8gfP5A8JVjPE=</latexit><latexit sha1_base64="QH+KrBIHLDDHU13vF8kVOR5uxrI=">AAAB6XicbVBNS8NAE J3Ur1q/qh69LBbBU0hE/LgVvHisaGyhDWWznbRLN5uwuxFK6U/w4kHFq//Im//GbZuDtj4YeLw3w8y8KBNcG8/7dkorq2vrG+XNytb2zu5edf/gUae5YhiwVKSqFVGNgksMDDcCW5 lCmkQCm9HwZuo3n1BpnsoHM8owTGhf8pgzaqx077nn3WrNc70ZyDLxC1KDAo1u9avTS1meoDRMUK3bvpeZcEyV4UzgpNLJNWaUDWkf25ZKmqAOx7NTJ+TEKj0Sp8qWNGSm/p4Y00 TrURLZzoSagV70puJ/Xjs38VU45jLLDUo2XxTngpiUTP8mPa6QGTGyhDLF7a2EDaiizNh0KjYEf/HlZRKcudeud3deq18UaZThCI7hFHy4hDrcQgMCYNCHZ3iFN0c4L8678zFvLTn FzCH8gfP5A8JVjPE=</latexit>
0.6
<latexit sha1_base64="s3ZHBx2uhApLeFDBZsp+pzokUnE=">AAAB6XicbVBNS8NAE J34WetX1aOXxSJ4ColI1VvBi8eKxhbaUDbbSbt0swm7G6GU/gQvHlS8+o+8+W/ctjlo64OBx3szzMyLMsG18bxvZ2V1bX1js7RV3t7Z3duvHBw+6jRXDAOWilS1IqpRcImB4UZgK1 NIk0hgMxreTP3mEyrNU/lgRhmGCe1LHnNGjZXuPbfWrVQ915uBLBO/IFUo0OhWvjq9lOUJSsME1brte5kJx1QZzgROyp1cY0bZkPaxbamkCepwPDt1Qk6t0iNxqmxJQ2bq74kxTb QeJZHtTKgZ6EVvKv7ntXMTX4VjLrPcoGTzRXEuiEnJ9G/S4wqZESNLKFPc3krYgCrKjE2nbEPwF19eJsG5e+16dxfVeq1IowTHcAJn4MMl1OEWGhAAgz48wyu8OcJ5cd6dj3nrilP MHMEfOJ8/xVuM8w==</latexit><latexit sha1_base64="s3ZHBx2uhApLeFDBZsp+pzokUnE=">AAAB6XicbVBNS8NAE J34WetX1aOXxSJ4ColI1VvBi8eKxhbaUDbbSbt0swm7G6GU/gQvHlS8+o+8+W/ctjlo64OBx3szzMyLMsG18bxvZ2V1bX1js7RV3t7Z3duvHBw+6jRXDAOWilS1IqpRcImB4UZgK1 NIk0hgMxreTP3mEyrNU/lgRhmGCe1LHnNGjZXuPbfWrVQ915uBLBO/IFUo0OhWvjq9lOUJSsME1brte5kJx1QZzgROyp1cY0bZkPaxbamkCepwPDt1Qk6t0iNxqmxJQ2bq74kxTb QeJZHtTKgZ6EVvKv7ntXMTX4VjLrPcoGTzRXEuiEnJ9G/S4wqZESNLKFPc3krYgCrKjE2nbEPwF19eJsG5e+16dxfVeq1IowTHcAJn4MMl1OEWGhAAgz48wyu8OcJ5cd6dj3nrilP MHMEfOJ8/xVuM8w==</latexit><latexit sha1_base64="s3ZHBx2uhApLeFDBZsp+pzokUnE=">AAAB6XicbVBNS8NAE J34WetX1aOXxSJ4ColI1VvBi8eKxhbaUDbbSbt0swm7G6GU/gQvHlS8+o+8+W/ctjlo64OBx3szzMyLMsG18bxvZ2V1bX1js7RV3t7Z3duvHBw+6jRXDAOWilS1IqpRcImB4UZgK1 NIk0hgMxreTP3mEyrNU/lgRhmGCe1LHnNGjZXuPbfWrVQ915uBLBO/IFUo0OhWvjq9lOUJSsME1brte5kJx1QZzgROyp1cY0bZkPaxbamkCepwPDt1Qk6t0iNxqmxJQ2bq74kxTb QeJZHtTKgZ6EVvKv7ntXMTX4VjLrPcoGTzRXEuiEnJ9G/S4wqZESNLKFPc3krYgCrKjE2nbEPwF19eJsG5e+16dxfVeq1IowTHcAJn4MMl1OEWGhAAgz48wyu8OcJ5cd6dj3nrilP MHMEfOJ8/xVuM8w==</latexit>
0.8
<latexit sha1_base64="uu4Eyuu0zlrGsDCzLAnJ3zzmVl4=">AAAB6XicbVBNS8NAEJ34 WetX1aOXxSJ4ComI1lvBi8eKxhbaUDbbSbt0swm7G6GU/gQvHlS8+o+8+W/ctjlo64OBx3szzMyLMsG18bxvZ2V1bX1js7RV3t7Z3duvHBw+6jRXDAOWilS1IqpRcImB4UZgK1NIk0hgMxre TP3mEyrNU/lgRhmGCe1LHnNGjZXuPbfWrVQ915uBLBO/IFUo0OhWvjq9lOUJSsME1brte5kJx1QZzgROyp1cY0bZkPaxbamkCepwPDt1Qk6t0iNxqmxJQ2bq74kxTbQeJZHtTKgZ6EVvKv7 ntXMT18Ixl1luULL5ojgXxKRk+jfpcYXMiJEllClubyVsQBVlxqZTtiH4iy8vk+DcvXa9u4tq/bJIowTHcAJn4MMV1OEWGhAAgz48wyu8OcJ5cd6dj3nrilPMHMEfOJ8/yGGM9Q==</latex it><latexit sha1_base64="uu4Eyuu0zlrGsDCzLAnJ3zzmVl4=">AAAB6XicbVBNS8NAEJ34 WetX1aOXxSJ4ComI1lvBi8eKxhbaUDbbSbt0swm7G6GU/gQvHlS8+o+8+W/ctjlo64OBx3szzMyLMsG18bxvZ2V1bX1js7RV3t7Z3duvHBw+6jRXDAOWilS1IqpRcImB4UZgK1NIk0hgMxre TP3mEyrNU/lgRhmGCe1LHnNGjZXuPbfWrVQ915uBLBO/IFUo0OhWvjq9lOUJSsME1brte5kJx1QZzgROyp1cY0bZkPaxbamkCepwPDt1Qk6t0iNxqmxJQ2bq74kxTbQeJZHtTKgZ6EVvKv7 ntXMT18Ixl1luULL5ojgXxKRk+jfpcYXMiJEllClubyVsQBVlxqZTtiH4iy8vk+DcvXa9u4tq/bJIowTHcAJn4MMV1OEWGhAAgz48wyu8OcJ5cd6dj3nrilPMHMEfOJ8/yGGM9Q==</latex it><latexit sha1_base64="uu4Eyuu0zlrGsDCzLAnJ3zzmVl4=">AAAB6XicbVBNS8NAEJ34 WetX1aOXxSJ4ComI1lvBi8eKxhbaUDbbSbt0swm7G6GU/gQvHlS8+o+8+W/ctjlo64OBx3szzMyLMsG18bxvZ2V1bX1js7RV3t7Z3duvHBw+6jRXDAOWilS1IqpRcImB4UZgK1NIk0hgMxre TP3mEyrNU/lgRhmGCe1LHnNGjZXuPbfWrVQ915uBLBO/IFUo0OhWvjq9lOUJSsME1brte5kJx1QZzgROyp1cY0bZkPaxbamkCepwPDt1Qk6t0iNxqmxJQ2bq74kxTbQeJZHtTKgZ6EVvKv7 ntXMT18Ixl1luULL5ojgXxKRk+jfpcYXMiJEllClubyVsQBVlxqZTtiH4iy8vk+DcvXa9u4tq/bJIowTHcAJn4MMV1OEWGhAAgz48wyu8OcJ5cd6dj3nrilPMHMEfOJ8/yGGM9Q==</latex it>
1.0
<latexit sha1_base64="83mA11uUiGA+5OxodbevBEqepUA=">AAAB6XicbVBNS8NAEJ 3Ur1q/qh69LBbBU0hE/LgVvHisaGyhDWWz3bZLN5uwOxFK6E/w4kHFq//Im//GbZuDtj4YeLw3w8y8KJXCoOd9O6WV1bX1jfJmZWt7Z3evun/waJJMMx6wRCa6FVHDpVA8QIGSt1LN aRxJ3oxGN1O/+cS1EYl6wHHKw5gOlOgLRtFK977rdas1z/VmIMvEL0gNCjS61a9OL2FZzBUySY1p+16KYU41Cib5pNLJDE8pG9EBb1uqaMxNmM9OnZATq/RIP9G2FJKZ+nsip7Ex4z iynTHFoVn0puJ/XjvD/lWYC5VmyBWbL+pnkmBCpn+TntCcoRxbQpkW9lbChlRThjadig3BX3x5mQRn7rXr3Z3X6hdFGmU4gmM4BR8uoQ630IAAGAzgGV7hzZHOi/PufMxbS04xcwh/ 4Hz+AL3OjO4=</latexit><latexit sha1_base64="83mA11uUiGA+5OxodbevBEqepUA=">AAAB6XicbVBNS8NAEJ 3Ur1q/qh69LBbBU0hE/LgVvHisaGyhDWWz3bZLN5uwOxFK6E/w4kHFq//Im//GbZuDtj4YeLw3w8y8KJXCoOd9O6WV1bX1jfJmZWt7Z3evun/waJJMMx6wRCa6FVHDpVA8QIGSt1LN aRxJ3oxGN1O/+cS1EYl6wHHKw5gOlOgLRtFK977rdas1z/VmIMvEL0gNCjS61a9OL2FZzBUySY1p+16KYU41Cib5pNLJDE8pG9EBb1uqaMxNmM9OnZATq/RIP9G2FJKZ+nsip7Ex4z iynTHFoVn0puJ/XjvD/lWYC5VmyBWbL+pnkmBCpn+TntCcoRxbQpkW9lbChlRThjadig3BX3x5mQRn7rXr3Z3X6hdFGmU4gmM4BR8uoQ630IAAGAzgGV7hzZHOi/PufMxbS04xcwh/ 4Hz+AL3OjO4=</latexit><latexit sha1_base64="83mA11uUiGA+5OxodbevBEqepUA=">AAAB6XicbVBNS8NAEJ 3Ur1q/qh69LBbBU0hE/LgVvHisaGyhDWWz3bZLN5uwOxFK6E/w4kHFq//Im//GbZuDtj4YeLw3w8y8KJXCoOd9O6WV1bX1jfJmZWt7Z3evun/waJJMMx6wRCa6FVHDpVA8QIGSt1LN aRxJ3oxGN1O/+cS1EYl6wHHKw5gOlOgLRtFK977rdas1z/VmIMvEL0gNCjS61a9OL2FZzBUySY1p+16KYU41Cib5pNLJDE8pG9EBb1uqaMxNmM9OnZATq/RIP9G2FJKZ+nsip7Ex4z iynTHFoVn0puJ/XjvD/lWYC5VmyBWbL+pnkmBCpn+TntCcoRxbQpkW9lbChlRThjadig3BX3x5mQRn7rXr3Z3X6hdFGmU4gmM4BR8uoQ630IAAGAzgGV7hzZHOi/PufMxbS04xcwh/ 4Hz+AL3OjO4=</latexit>
0
<latexit sha1_base64="dNeCopwehRmO00gYnNwSKHuJxQU=">AAAB53icbVBNS8NAEJ34WetX 1aOXxSJ4KomIH7eCF48tGFtoQ9lsJ+3azSbsboQS+gu8eFDx6l/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/nZXVtfWNzdJWeXtnd2+/cnD4oJNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0O/VbT6g0T+S9 GacYxHQgecQZNVZqur1K1a25M5Bl4hWkCgUavcpXt5+wLEZpmKBadzw3NUFOleFM4KTczTSmlI3oADuWShqjDvLZoRNyapU+iRJlSxoyU39P5DTWehyHtjOmZqgXvan4n9fJTHQd5FymmUHJ5ouiTBCT kOnXpM8VMiPGllCmuL2VsCFVlBmbTdmG4C2+vEz889pNzW1eVOuXRRolOIYTOAMPrqAOd9AAHxggPMMrvDmPzovz7nzMW1ecYuYI/sD5/AHjyox7</latexit><latexit sha1_base64="dNeCopwehRmO00gYnNwSKHuJxQU=">AAAB53icbVBNS8NAEJ34WetX 1aOXxSJ4KomIH7eCF48tGFtoQ9lsJ+3azSbsboQS+gu8eFDx6l/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/nZXVtfWNzdJWeXtnd2+/cnD4oJNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0O/VbT6g0T+S9 GacYxHQgecQZNVZqur1K1a25M5Bl4hWkCgUavcpXt5+wLEZpmKBadzw3NUFOleFM4KTczTSmlI3oADuWShqjDvLZoRNyapU+iRJlSxoyU39P5DTWehyHtjOmZqgXvan4n9fJTHQd5FymmUHJ5ouiTBCT kOnXpM8VMiPGllCmuL2VsCFVlBmbTdmG4C2+vEz889pNzW1eVOuXRRolOIYTOAMPrqAOd9AAHxggPMMrvDmPzovz7nzMW1ecYuYI/sD5/AHjyox7</latexit><latexit sha1_base64="dNeCopwehRmO00gYnNwSKHuJxQU=">AAAB53icbVBNS8NAEJ34WetX 1aOXxSJ4KomIH7eCF48tGFtoQ9lsJ+3azSbsboQS+gu8eFDx6l/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/nZXVtfWNzdJWeXtnd2+/cnD4oJNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0O/VbT6g0T+S9 GacYxHQgecQZNVZqur1K1a25M5Bl4hWkCgUavcpXt5+wLEZpmKBadzw3NUFOleFM4KTczTSmlI3oADuWShqjDvLZoRNyapU+iRJlSxoyU39P5DTWehyHtjOmZqgXvan4n9fJTHQd5FymmUHJ5ouiTBCT kOnXpM8VMiPGllCmuL2VsCFVlBmbTdmG4C2+vEz889pNzW1eVOuXRRolOIYTOAMPrqAOd9AAHxggPMMrvDmPzovz7nzMW1ecYuYI/sD5/AHjyox7</latexit>
0.2
<latexit sha1_base64="H6KQCueTbydpzqHgk6ok728gxuY=">AAAB6XicbVBNS8NAE J34WetX1aOXxSJ4CkkRP24FLx4rGltoQ9lsJ+3SzSbsboRS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvygTXxvO+nZXVtfWNzdJWeXtnd2+/cnD4qNNcMQxYKlLViqhGwSUGhhuBrU whTSKBzWh4M/WbT6g0T+WDGWUYJrQvecwZNVa699xat1L1XG8Gskz8glShQKNb+er0UpYnKA0TVOu272UmHFNlOBM4KXdyjRllQ9rHtqWSJqjD8ezUCTm1So/EqbIlDZmpvyfGNN F6lES2M6FmoBe9qfif185NfBWOucxyg5LNF8W5ICYl079JjytkRowsoUxxeythA6ooMzadsg3BX3x5mQQ199r17s6r9YsijRIcwwmcgQ+XUIdbaEAADPrwDK/w5gjnxXl3PuatK04 xcwR/4Hz+AL9PjO8=</latexit><latexit sha1_base64="H6KQCueTbydpzqHgk6ok728gxuY=">AAAB6XicbVBNS8NAE J34WetX1aOXxSJ4CkkRP24FLx4rGltoQ9lsJ+3SzSbsboRS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvygTXxvO+nZXVtfWNzdJWeXtnd2+/cnD4qNNcMQxYKlLViqhGwSUGhhuBrU whTSKBzWh4M/WbT6g0T+WDGWUYJrQvecwZNVa699xat1L1XG8Gskz8glShQKNb+er0UpYnKA0TVOu272UmHFNlOBM4KXdyjRllQ9rHtqWSJqjD8ezUCTm1So/EqbIlDZmpvyfGNN F6lES2M6FmoBe9qfif185NfBWOucxyg5LNF8W5ICYl079JjytkRowsoUxxeythA6ooMzadsg3BX3x5mQQ199r17s6r9YsijRIcwwmcgQ+XUIdbaEAADPrwDK/w5gjnxXl3PuatK04 xcwR/4Hz+AL9PjO8=</latexit><latexit sha1_base64="H6KQCueTbydpzqHgk6ok728gxuY=">AAAB6XicbVBNS8NAE J34WetX1aOXxSJ4CkkRP24FLx4rGltoQ9lsJ+3SzSbsboRS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvygTXxvO+nZXVtfWNzdJWeXtnd2+/cnD4qNNcMQxYKlLViqhGwSUGhhuBrU whTSKBzWh4M/WbT6g0T+WDGWUYJrQvecwZNVa699xat1L1XG8Gskz8glShQKNb+er0UpYnKA0TVOu272UmHFNlOBM4KXdyjRllQ9rHtqWSJqjD8ezUCTm1So/EqbIlDZmpvyfGNN F6lES2M6FmoBe9qfif185NfBWOucxyg5LNF8W5ICYl079JjytkRowsoUxxeythA6ooMzadsg3BX3x5mQQ199r17s6r9YsijRIcwwmcgQ+XUIdbaEAADPrwDK/w5gjnxXl3PuatK04 xcwR/4Hz+AL9PjO8=</latexit>
0.4
<latexit sha1_base64="QH+KrBIHLDDHU13vF8kVOR5uxrI=">AAAB6XicbVBNS8NAE J3Ur1q/qh69LBbBU0hE/LgVvHisaGyhDWWznbRLN5uwuxFK6U/w4kHFq//Im//GbZuDtj4YeLw3w8y8KBNcG8/7dkorq2vrG+XNytb2zu5edf/gUae5YhiwVKSqFVGNgksMDDcCW5 lCmkQCm9HwZuo3n1BpnsoHM8owTGhf8pgzaqx077nn3WrNc70ZyDLxC1KDAo1u9avTS1meoDRMUK3bvpeZcEyV4UzgpNLJNWaUDWkf25ZKmqAOx7NTJ+TEKj0Sp8qWNGSm/p4Y00 TrURLZzoSagV70puJ/Xjs38VU45jLLDUo2XxTngpiUTP8mPa6QGTGyhDLF7a2EDaiizNh0KjYEf/HlZRKcudeud3deq18UaZThCI7hFHy4hDrcQgMCYNCHZ3iFN0c4L8678zFvLTn FzCH8gfP5A8JVjPE=</latexit><latexit sha1_base64="QH+KrBIHLDDHU13vF8kVOR5uxrI=">AAAB6XicbVBNS8NAE J3Ur1q/qh69LBbBU0hE/LgVvHisaGyhDWWznbRLN5uwuxFK6U/w4kHFq//Im//GbZuDtj4YeLw3w8y8KBNcG8/7dkorq2vrG+XNytb2zu5edf/gUae5YhiwVKSqFVGNgksMDDcCW5 lCmkQCm9HwZuo3n1BpnsoHM8owTGhf8pgzaqx077nn3WrNc70ZyDLxC1KDAo1u9avTS1meoDRMUK3bvpeZcEyV4UzgpNLJNWaUDWkf25ZKmqAOx7NTJ+TEKj0Sp8qWNGSm/p4Y00 TrURLZzoSagV70puJ/Xjs38VU45jLLDUo2XxTngpiUTP8mPa6QGTGyhDLF7a2EDaiizNh0KjYEf/HlZRKcudeud3deq18UaZThCI7hFHy4hDrcQgMCYNCHZ3iFN0c4L8678zFvLTn FzCH8gfP5A8JVjPE=</latexit><latexit sha1_base64="QH+KrBIHLDDHU13vF8kVOR5uxrI=">AAAB6XicbVBNS8NAE J3Ur1q/qh69LBbBU0hE/LgVvHisaGyhDWWznbRLN5uwuxFK6U/w4kHFq//Im//GbZuDtj4YeLw3w8y8KBNcG8/7dkorq2vrG+XNytb2zu5edf/gUae5YhiwVKSqFVGNgksMDDcCW5 lCmkQCm9HwZuo3n1BpnsoHM8owTGhf8pgzaqx077nn3WrNc70ZyDLxC1KDAo1u9avTS1meoDRMUK3bvpeZcEyV4UzgpNLJNWaUDWkf25ZKmqAOx7NTJ+TEKj0Sp8qWNGSm/p4Y00 TrURLZzoSagV70puJ/Xjs38VU45jLLDUo2XxTngpiUTP8mPa6QGTGyhDLF7a2EDaiizNh0KjYEf/HlZRKcudeud3deq18UaZThCI7hFHy4hDrcQgMCYNCHZ3iFN0c4L8678zFvLTn FzCH8gfP5A8JVjPE=</latexit>
0.6
<latexit sha1_base64="s3ZHBx2uhApLeFDBZsp+pzokUnE=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4ColI1VvBi8eKxhbaUDbbSbt0swm7G6GU/gQvHlS8+o+8+W/ctjlo6 4OBx3szzMyLMsG18bxvZ2V1bX1js7RV3t7Z3duvHBw+6jRXDAOWilS1IqpRcImB4UZgK1NIk0hgMxreTP3mEyrNU/lgRhmGCe1LHnNGjZXuPbfWrVQ915uBLBO/IFUo0OhWvjq9lOUJSsME1brte5kJx1QZzgROyp1cY0bZkPaxbamkCepwPDt1Qk6t0iNxqmxJQ2bq74kxTbQeJZHtTKgZ6EVvKv7ntXMTX4VjLrPcoGTzRXEuiEnJ9G/S4wqZESNLKFPc3krYgCrKjE2 nbEPwF19eJsG5e+16dxfVeq1IowTHcAJn4MMl1OEWGhAAgz48wyu8OcJ5cd6dj3nrilPMHMEfOJ8/xVuM8w==</latexit><latexit sha1_base64="s3ZHBx2uhApLeFDBZsp+pzokUnE=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4ColI1VvBi8eKxhbaUDbbSbt0swm7G6GU/gQvHlS8+o+8+W/ctjlo6 4OBx3szzMyLMsG18bxvZ2V1bX1js7RV3t7Z3duvHBw+6jRXDAOWilS1IqpRcImB4UZgK1NIk0hgMxreTP3mEyrNU/lgRhmGCe1LHnNGjZXuPbfWrVQ915uBLBO/IFUo0OhWvjq9lOUJSsME1brte5kJx1QZzgROyp1cY0bZkPaxbamkCepwPDt1Qk6t0iNxqmxJQ2bq74kxTbQeJZHtTKgZ6EVvKv7ntXMTX4VjLrPcoGTzRXEuiEnJ9G/S4wqZESNLKFPc3krYgCrKjE2 nbEPwF19eJsG5e+16dxfVeq1IowTHcAJn4MMl1OEWGhAAgz48wyu8OcJ5cd6dj3nrilPMHMEfOJ8/xVuM8w==</latexit><latexit sha1_base64="s3ZHBx2uhApLeFDBZsp+pzokUnE=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4ColI1VvBi8eKxhbaUDbbSbt0swm7G6GU/gQvHlS8+o+8+W/ctjlo6 4OBx3szzMyLMsG18bxvZ2V1bX1js7RV3t7Z3duvHBw+6jRXDAOWilS1IqpRcImB4UZgK1NIk0hgMxreTP3mEyrNU/lgRhmGCe1LHnNGjZXuPbfWrVQ915uBLBO/IFUo0OhWvjq9lOUJSsME1brte5kJx1QZzgROyp1cY0bZkPaxbamkCepwPDt1Qk6t0iNxqmxJQ2bq74kxTbQeJZHtTKgZ6EVvKv7ntXMTX4VjLrPcoGTzRXEuiEnJ9G/S4wqZESNLKFPc3krYgCrKjE2 nbEPwF19eJsG5e+16dxfVeq1IowTHcAJn4MMl1OEWGhAAgz48wyu8OcJ5cd6dj3nrilPMHMEfOJ8/xVuM8w==</latexit>
0.8
<latexit sha1_base64="uu4Eyuu0zlrGsDCzLAnJ3zzmVl4=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4ComI1lvBi8eKxhbaUDbbSbt0swm7G6GU/gQvHlS8+o+8+W/ctjlo64OBx3sz zMyLMsG18bxvZ2V1bX1js7RV3t7Z3duvHBw+6jRXDAOWilS1IqpRcImB4UZgK1NIk0hgMxreTP3mEyrNU/lgRhmGCe1LHnNGjZXuPbfWrVQ915uBLBO/IFUo0OhWvjq9lOUJSsME1brte5kJx1QZzgROyp1cY0bZkPaxbamkCepwPDt1Qk6t0iNxqmxJQ2bq74kxTbQeJZHtTKgZ6EVvKv7ntXMT18Ixl1luULL5ojgXxKRk+jfpcYXMiJEllClubyVsQBVlxqZTtiH4iy8vk+DcvXa9u4t q/bJIowTHcAJn4MMV1OEWGhAAgz48wyu8OcJ5cd6dj3nrilPMHMEfOJ8/yGGM9Q==</latexit><latexit sha1_base64="uu4Eyuu0zlrGsDCzLAnJ3zzmVl4=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4ComI1lvBi8eKxhbaUDbbSbt0swm7G6GU/gQvHlS8+o+8+W/ctjlo64OBx3sz zMyLMsG18bxvZ2V1bX1js7RV3t7Z3duvHBw+6jRXDAOWilS1IqpRcImB4UZgK1NIk0hgMxreTP3mEyrNU/lgRhmGCe1LHnNGjZXuPbfWrVQ915uBLBO/IFUo0OhWvjq9lOUJSsME1brte5kJx1QZzgROyp1cY0bZkPaxbamkCepwPDt1Qk6t0iNxqmxJQ2bq74kxTbQeJZHtTKgZ6EVvKv7ntXMT18Ixl1luULL5ojgXxKRk+jfpcYXMiJEllClubyVsQBVlxqZTtiH4iy8vk+DcvXa9u4t q/bJIowTHcAJn4MMV1OEWGhAAgz48wyu8OcJ5cd6dj3nrilPMHMEfOJ8/yGGM9Q==</latexit><latexit sha1_base64="uu4Eyuu0zlrGsDCzLAnJ3zzmVl4=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4ComI1lvBi8eKxhbaUDbbSbt0swm7G6GU/gQvHlS8+o+8+W/ctjlo64OBx3sz zMyLMsG18bxvZ2V1bX1js7RV3t7Z3duvHBw+6jRXDAOWilS1IqpRcImB4UZgK1NIk0hgMxreTP3mEyrNU/lgRhmGCe1LHnNGjZXuPbfWrVQ915uBLBO/IFUo0OhWvjq9lOUJSsME1brte5kJx1QZzgROyp1cY0bZkPaxbamkCepwPDt1Qk6t0iNxqmxJQ2bq74kxTbQeJZHtTKgZ6EVvKv7ntXMT18Ixl1luULL5ojgXxKRk+jfpcYXMiJEllClubyVsQBVlxqZTtiH4iy8vk+DcvXa9u4t q/bJIowTHcAJn4MMV1OEWGhAAgz48wyu8OcJ5cd6dj3nrilPMHMEfOJ8/yGGM9Q==</latexit>
1.0
<latexit sha1_base64="83mA11uUiGA+5OxodbevBEqepUA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0hE/LgVvHisaGyhDWWz3bZLN5uwOxFK6E/w4kHFq//Im//G bZuDtj4YeLw3w8y8KJXCoOd9O6WV1bX1jfJmZWt7Z3evun/waJJMMx6wRCa6FVHDpVA8QIGSt1LNaRxJ3oxGN1O/+cS1EYl6wHHKw5gOlOgLRtFK977rdas1z/VmIMvEL0gNCjS61a9OL2FZzBUySY1p+16KYU41Cib5pNLJDE8pG9EBb1uqaMxNmM9OnZATq/RIP9G2FJKZ+nsip7Ex4ziynTHFoVn0puJ/XjvD/lWYC5VmyBWbL+pnkmBCpn+TntCcoRx bQpkW9lbChlRThjadig3BX3x5mQRn7rXr3Z3X6hdFGmU4gmM4BR8uoQ630IAAGAzgGV7hzZHOi/PufMxbS04xcwh/4Hz+AL3OjO4=</latexit><latexit sha1_base64="83mA11uUiGA+5OxodbevBEqepUA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0hE/LgVvHisaGyhDWWz3bZLN5uwOxFK6E/w4kHFq//Im//G bZuDtj4YeLw3w8y8KJXCoOd9O6WV1bX1jfJmZWt7Z3evun/waJJMMx6wRCa6FVHDpVA8QIGSt1LNaRxJ3oxGN1O/+cS1EYl6wHHKw5gOlOgLRtFK977rdas1z/VmIMvEL0gNCjS61a9OL2FZzBUySY1p+16KYU41Cib5pNLJDE8pG9EBb1uqaMxNmM9OnZATq/RIP9G2FJKZ+nsip7Ex4ziynTHFoVn0puJ/XjvD/lWYC5VmyBWbL+pnkmBCpn+TntCcoRx bQpkW9lbChlRThjadig3BX3x5mQRn7rXr3Z3X6hdFGmU4gmM4BR8uoQ630IAAGAzgGV7hzZHOi/PufMxbS04xcwh/4Hz+AL3OjO4=</latexit><latexit sha1_base64="83mA11uUiGA+5OxodbevBEqepUA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0hE/LgVvHisaGyhDWWz3bZLN5uwOxFK6E/w4kHFq//Im//G bZuDtj4YeLw3w8y8KJXCoOd9O6WV1bX1jfJmZWt7Z3evun/waJJMMx6wRCa6FVHDpVA8QIGSt1LNaRxJ3oxGN1O/+cS1EYl6wHHKw5gOlOgLRtFK977rdas1z/VmIMvEL0gNCjS61a9OL2FZzBUySY1p+16KYU41Cib5pNLJDE8pG9EBb1uqaMxNmM9OnZATq/RIP9G2FJKZ+nsip7Ex4ziynTHFoVn0puJ/XjvD/lWYC5VmyBWbL+pnkmBCpn+TntCcoRx bQpkW9lbChlRThjadig3BX3x5mQRn7rXr3Z3X6hdFGmU4gmM4BR8uoQ630IAAGAzgGV7hzZHOi/PufMxbS04xcwh/4Hz+AL3OjO4=</latexit>
0
<latexit sha1_base64="dNeCopwehRmO00gYnNwSKHuJxQU=">AAAB53icbVBNS8N AEJ34WetX1aOXxSJ4KomIH7eCF48tGFtoQ9lsJ+3azSbsboQS+gu8eFDx6l/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/nZXVtfWNzdJWeXtnd2+/cnD4oJNMMfRZIhLVDqlGwSX6 hhuB7VQhjUOBrXB0O/VbT6g0T+S9GacYxHQgecQZNVZqur1K1a25M5Bl4hWkCgUavcpXt5+wLEZpmKBadzw3NUFOleFM4KTczTSmlI3oADuWShqjDvLZoRNyapU+iRJlSxoyU 39P5DTWehyHtjOmZqgXvan4n9fJTHQd5FymmUHJ5ouiTBCTkOnXpM8VMiPGllCmuL2VsCFVlBmbTdmG4C2+vEz889pNzW1eVOuXRRolOIYTOAMPrqAOd9AAHxggPMMrvDmPzo vz7nzMW1ecYuYI/sD5/AHjyox7</latexit><latexit sha1_base64="dNeCopwehRmO00gYnNwSKHuJxQU=">AAAB53icbVBNS8N AEJ34WetX1aOXxSJ4KomIH7eCF48tGFtoQ9lsJ+3azSbsboQS+gu8eFDx6l/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/nZXVtfWNzdJWeXtnd2+/cnD4oJNMMfRZIhLVDqlGwSX6 hhuB7VQhjUOBrXB0O/VbT6g0T+S9GacYxHQgecQZNVZqur1K1a25M5Bl4hWkCgUavcpXt5+wLEZpmKBadzw3NUFOleFM4KTczTSmlI3oADuWShqjDvLZoRNyapU+iRJlSxoyU 39P5DTWehyHtjOmZqgXvan4n9fJTHQd5FymmUHJ5ouiTBCTkOnXpM8VMiPGllCmuL2VsCFVlBmbTdmG4C2+vEz889pNzW1eVOuXRRolOIYTOAMPrqAOd9AAHxggPMMrvDmPzo vz7nzMW1ecYuYI/sD5/AHjyox7</latexit><latexit sha1_base64="dNeCopwehRmO00gYnNwSKHuJxQU=">AAAB53icbVBNS8N AEJ34WetX1aOXxSJ4KomIH7eCF48tGFtoQ9lsJ+3azSbsboQS+gu8eFDx6l/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/nZXVtfWNzdJWeXtnd2+/cnD4oJNMMfRZIhLVDqlGwSX6 hhuB7VQhjUOBrXB0O/VbT6g0T+S9GacYxHQgecQZNVZqur1K1a25M5Bl4hWkCgUavcpXt5+wLEZpmKBadzw3NUFOleFM4KTczTSmlI3oADuWShqjDvLZoRNyapU+iRJlSxoyU 39P5DTWehyHtjOmZqgXvan4n9fJTHQd5FymmUHJ5ouiTBCTkOnXpM8VMiPGllCmuL2VsCFVlBmbTdmG4C2+vEz889pNzW1eVOuXRRolOIYTOAMPrqAOd9AAHxggPMMrvDmPzo vz7nzMW1ecYuYI/sD5/AHjyox7</latexit>
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   +
 
 
<latexit sha1_base64="aKLjVUPSuugBPx+s1fcXb3XU7fw=">AAACH3icbVDNSsNAGNzUv1r/oh69BItQEWoiYvVW8KDHCsYWmlA22027uJuE3S9CCX0UL76KFw8q4q1v46bNQVsHFmZnvmH3myDhTIFtT4zS0vLK6lp5vbKxubW9Y+7uPag4lYS6JOax7ARYUc4i6gIDTjuJpFgEnLaDx+vcbz9RqVgc3cMoob7Ag4iFjGDQUs9seLG283Tm3WAh8PjU4zSE2ux2smB7kg2GcNwzq3bdnsJaJE5BqqhAq2d+e/2YpIJGQDhWquvYCfgZlsAIp+OKlyqaYPKIB7SraYQFVX42XXBsHWmlb4Wx1CcCa6r+TmRYKDUSgZ4UGIZq3svF/7xuCuGln7EoSYFGZPZQmHILYitvy+ozSQnwkSaYSKb/apEhlpiA7rSiS3DmV14k7ln9qm7fnVebF0UbZXSADlENOaiBmugWtZCLCHpGr+gdfRgvxpvxaXzNRktGkdlHf2BMfgB2WqPx</latexit><latexit sha1_base64="aKLjVUPSuugBPx+s1fcXb3XU7fw=">AAACH3icbVDNSsNAGNzUv1r/oh69BItQEWoiYvVW8KDHCsYWmlA22027uJuE3S9CCX0UL76KFw8q4q1v46bNQVsHFmZnvmH3myDhTIFtT4zS0vLK6lp5vbKxubW9Y+7uPag4lYS6JOax7ARYUc4i6gIDTjuJpFgEnLaDx+vcbz9RqVgc3cMoob7Ag4iFjGDQUs9seLG283Tm3WAh8PjU4zSE2ux2smB7kg2GcNwzq3bdnsJaJE5BqqhAq2d+e/2YpIJGQDhWquvYCfgZlsAIp+OKlyqaYPKIB7SraYQFVX42XXBsHWmlb4Wx1CcCa6r+TmRYKDUSgZ4UGIZq3svF/7xuCuGln7EoSYFGZPZQmHILYitvy+ozSQnwkSaYSKb/apEhlpiA7rSiS3DmV14k7ln9qm7fnVebF0UbZXSADlENOaiBmugWtZCLCHpGr+gdfRgvxpvxaXzNRktGkdlHf2BMfgB2WqPx</latexit><latexit sha1_base64="aKLjVUPSuugBPx+s1fcXb3XU7fw=">AAACH3icbVDNSsNAGNzUv1r/oh69BItQEWoiYvVW8KDHCsYWmlA22027uJuE3S9CCX0UL76KFw8q4q1v46bNQVsHFmZnvmH3myDhTIFtT4zS0vLK6lp5vbKxubW9Y+7uPag4lYS6JOax7ARYUc4i6gIDTjuJpFgEnLaDx+vcbz9RqVgc3cMoob7Ag4iFjGDQUs9seLG283Tm3WAh8PjU4zSE2ux2smB7kg2GcNwzq3bdnsJaJE5BqqhAq2d+e/2YpIJGQDhWquvYCfgZlsAIp+OKlyqaYPKIB7SraYQFVX42XXBsHWmlb4Wx1CcCa6r+TmRYKDUSgZ4UGIZq3svF/7xuCuGln7EoSYFGZPZQmHILYitvy+ozSQnwkSaYSKb/apEhlpiA7rSiS3DmV14k7ln9qm7fnVebF0UbZXSADlENOaiBmugWtZCLCHpGr+gdfRgvxpvxaXzNRktGkdlHf2BMfgB2WqPx</latexit>
2 L/ 
<latexit sha1_base64="vJflYBVX7KN5QuF+Li+VOvEXfBY=">AAAB/3icbVC7TsMwFH XKq5RXgIGBJaJCYipJhXhslRhgYCgSoZWaqHJcp7VqJ5F9g6iiLPwKCwMgVn6Djb/BbTNAy5GudHzOvfK9J0g4U2Db30ZpYXFpeaW8Wllb39jcMrd37lWcSkJdEvNYtgOsKGcRdYEBp +1EUiwCTlvB8HLstx6oVCyO7mCUUF/gfsRCRjBoqWvu1b0rLATuekAfIbvJj4u3WbVr9gTWPHEKUkUFml3zy+vFJBU0AsKxUh3HTsDPsARGOM0rXqpogskQ92lH0wgLqvxsckBuHWq lZ4Wx1BWBNVF/T2RYKDUSge4UGAZq1huL/3mdFMJzP2NRkgKNyPSjMOUWxNY4DavHJCXAR5pgIpne1SIDLDEBnVlFh+DMnjxP3HrtombfnlQbp0UaZbSPDtARctAZaqBr1EQuIihHz+ gVvRlPxovxbnxMW0tGMbOL/sD4/AGtgZX7</latexit><latexit sha1_base64="vJflYBVX7KN5QuF+Li+VOvEXfBY=">AAAB/3icbVC7TsMwFH XKq5RXgIGBJaJCYipJhXhslRhgYCgSoZWaqHJcp7VqJ5F9g6iiLPwKCwMgVn6Djb/BbTNAy5GudHzOvfK9J0g4U2Db30ZpYXFpeaW8Wllb39jcMrd37lWcSkJdEvNYtgOsKGcRdYEBp +1EUiwCTlvB8HLstx6oVCyO7mCUUF/gfsRCRjBoqWvu1b0rLATuekAfIbvJj4u3WbVr9gTWPHEKUkUFml3zy+vFJBU0AsKxUh3HTsDPsARGOM0rXqpogskQ92lH0wgLqvxsckBuHWq lZ4Wx1BWBNVF/T2RYKDUSge4UGAZq1huL/3mdFMJzP2NRkgKNyPSjMOUWxNY4DavHJCXAR5pgIpne1SIDLDEBnVlFh+DMnjxP3HrtombfnlQbp0UaZbSPDtARctAZaqBr1EQuIihHz+ gVvRlPxovxbnxMW0tGMbOL/sD4/AGtgZX7</latexit><latexit sha1_base64="vJflYBVX7KN5QuF+Li+VOvEXfBY=">AAAB/3icbVC7TsMwFH XKq5RXgIGBJaJCYipJhXhslRhgYCgSoZWaqHJcp7VqJ5F9g6iiLPwKCwMgVn6Djb/BbTNAy5GudHzOvfK9J0g4U2Db30ZpYXFpeaW8Wllb39jcMrd37lWcSkJdEvNYtgOsKGcRdYEBp +1EUiwCTlvB8HLstx6oVCyO7mCUUF/gfsRCRjBoqWvu1b0rLATuekAfIbvJj4u3WbVr9gTWPHEKUkUFml3zy+vFJBU0AsKxUh3HTsDPsARGOM0rXqpogskQ92lH0wgLqvxsckBuHWq lZ4Wx1BWBNVF/T2RYKDUSge4UGAZq1huL/3mdFMJzP2NRkgKNyPSjMOUWxNY4DavHJCXAR5pgIpne1SIDLDEBnVlFh+DMnjxP3HrtombfnlQbp0UaZbSPDtARctAZaqBr1EQuIihHz+ gVvRlPxovxbnxMW0tGMbOL/sD4/AGtgZX7</latexit>
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Figure 9. Transport models to illustrate the principle of re-
solving processes beyond the detectors resolution limit. The
electrons may tunnel through two levels in either a serial (a)
or a parallel (b) configuration. The statistics are measured
through a QPC which cannot resolve individual charge is-
lands. In (c) and (d) we show the topological phase dia-
gram for the serial and parallel configuration, respectively,
as a function of the tunnel coupling parameters. We defined
Γ = 2ΓL + ΓR and Γ = 2ΓL + ΓR. On the x-axis of both fig-
ures, we change the left and right asymmetry, 2ΓL/Γ, where
for (d) we assume for simplicity 2ΓL/Γ = 2ΓL/Γ. On the y-
axis of (c) we modify the relative tunneling rate of the inelastic
process, Γin/ (Γ + Γin), whereas in (d) we modify the relative
total tunneling rate for each level, Γ/
(
Γ + Γ
)
. In (c) and (d)
the white areas correspond to a fully trivial eigenspectrum
of W (χ). The red area corresponds to the same topological
phase as in Fig. 4c, with a braided stationary mode with a
fractional charge e∗0 = e/2. The blue and green areas indicate
the topological phases as shown in Fig. 4b and Fig. 4d, re-
spectively, and occur only in the serial level configuration. In
particular the blue phase, where all three eigenvalues merge
to a band with charge e∗0 = e/3, is stable for a large parameter
space, and provides a unique signature of the presence of two
serially coupled islands instead of one.
extreme cases. We either consider again the serial double
quantum dot model from Fig. 4 with a QPC, which is
now coupled equally to both islands, see Fig. 9a. This
corresponds to an archetype example of a detector that
cannot resolve the two individual islands.
We put this system into relation with another one, con-
taining only one charge island (a SQD), however with two
available levels instead of one. Importantly, note that if
we were to compare the serial DQD to a SQD with only
one available level, as in Fig. 2, we would not need any so-
phisticated topological argument to differentiate the two
systems, as we could already infer the presence of the
second dot simply by counting the number of degrees of
freedom in the waiting time distribution: in the SQD,
we have only two dominant eigenvalues, whereas in the
25
DQD we have three. The distinction between a single
and a double island however is less straightforward, if
the single island has two levels, which are not coupled in
series, but in parallel, see Fig. 9b. Here, both systems
have three dominant eigenmodes. We tune yet again the
energy levels and charging energies, such that only one
extra electron can enter the quantum system, and elec-
tron transport goes with very high probability towards
the right. Once more, we neglect any spurious thermal
errors, i.e., thermally excited processes going against the
energy gradient (as the topology is stable with respect to
such small errors). As a consequence, we can write the
kernel of the serial model simply as
Ws (χ) =
 −2ΓL 0 ΓReiχ2ΓL −ΓLR 0
0 ΓLR −ΓR
 , (40)
where the factor eiχ takes again into account that we
only record the decharging events in IQPC. As for the
parallel configuration, we find
Wp (χ) =
 −2ΓL − 2ΓL ΓReiχ ΓReiχ2ΓL −ΓR 0
2ΓL 0 −ΓR
 , (41)
where the third row (column) account for the coupling
with the second level at higher energies, which are cou-
pled through the rates ΓL,ΓR.
Crucially, while the two systems cannot be distin-
guished by the number of degrees of freedom, they can
be distinguished based on the topology of the QPC dy-
namics. In fact, the topological phases that occur in the
serial configuration were analyzed already in Sec. II B. In
Fig. 9c, we show the phase diagram as a function of the
tunnel coupling rates. In particular, there is a very sta-
ble phase with three braided eigenvalues (blue area) for
a large parameter space, with a spectrum of periodicity
p0 = 3 and thus the charge e/3, see also Fig. 4b. Through
making the tunneling rates more and more asymmet-
ric, the system-detector dynamics changes to the simpler
braid topology with a spectrum as in Figs. 4c and d (red
and green areas, respectively), and finally to a trivial
phase (white area).
Importantly, the e/3 phase occurs exclusively in the
serial configuration. In the parallel configuration, see
Fig. 9d, the QPC dynamics are either trivial (white area)
or have a braided stationary mode with charge e∗0 = e/2
(red area). No other topological phases can be observed
in spite of the presence of a second available level. The
reason for the absence of the e/3 phase can be explained
intuitively, when representing the processes in a graph
including the detector states N , see Fig. 10. While
the serial DQD can be represented as a process with
a step size three times smaller than the detector reso-
lution (Fig. 10a), the same cannot be accomplished in
the parallel configuration. For the latter, there are only
two consecutive processes needed to move to the next
detector pixel (Fig. 10b). We conclude that the occur-
rence of the e/3 phase is a direct consequence of the fact
(a)
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Figure 10. Representation of the system-detector dynamics
of the transport through a serial (a) and a parallel (b) level
configuration. The black rectangles represent the detector
pixels. Only processes that change between different pixels
are the ones registered by the QPC (green arrows), the oth-
ers are undetected (red arrows). In the serial configuration
(a) in each pixel, there are three available states, either both
quantum dots empty (00), or one electron in the left (10) or
the right dot (01). In order to move to the next pixel, we
need to perform three consecutive tunneling events. While in
the parallel configuration (b) there are likewise three states
within one pixel (either both levels empty, or either the lower
or the upper level filled with one electron), one needs only two
consecutive processes to change the detector pixel. Therefore,
the e/3 phase is impossible in the latter case.
that in the serial configuration an electron needs to ex-
ecute three consecutive tunneling events. Thus we find
a unique topological signature in the statistics of a QPC
detector, which enables us to determine the presence or
absence of a second charge island for a large parameter
regime, even if the detector cannot cannot distinguish the
islands. As we have already shown in the previous sec-
tion, small errors and deviations from the ideal models
considered here, cannot destroy the effect.
Finally, we anticipate that the braid topology could po-
tentially be useful well beyond the context of quantum
transport, as a general tool to observe the dynamics of
very small, discrete processes beyond the detectors reso-
lution limit. In above example, and in Sec. II C, we have
so far focussed on the limit of a detector resolution which
is commensurable with the step size of the discrete pro-
cess. In the general discussion in Sec. II C, this fact was
expressed in the detector resolution A being an integer
multiple of e∗. In the concrete example here, we have
considered one QPC which measures two dots (or charge
islands). In order to generalize this idea, we believe it is
of very high interest to include the possibility of a detec-
tor resolution A that is incommensurable with the step
size of the observed discrete process. This question goes
however well beyond the scope of the present work, and
will be pursued in the future.
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V. CONCLUSION
In this work, we have shown that a topological transi-
tion in the system-detector dynamics leads to FCS with
eigenmodes carrying fractional charges. This realization
relies on the fact that the fundamental integer charge
quantization fixes the global properties of the moment
generating function, and on the proposition that frac-
tional charges can only be well-defined by means of an
analytic continuation of the eigenmodes of the moment
generating function. In particular, we showed that we
can map the dynamics of topological FCS in a very
generic transport situation to a hypothetical system with
fractionally charged quasiparticles, supplemented with a
charge detector with integer charge resolution, ensuring
the indivisibility of the elementary charge. Our result
therefore raises the question how far the transport signa-
tures of fractionally charged quasiparticles are unique to
exotic excitations, such as Luttinger liquid or Laughlin
quasiparticles.
We have further demonstrated the existence of a gener-
alized geometric phase, which gives rise to a topological
number directly indicating the mismatch between frac-
tional charges and integer charge quantization. More-
over, we have shown that this topological number allows
us to establish a profound analogy to the topology of the
fractional Josephson effect in superconducting junctions,
thus comparing a system with fully dissipative transport
to a system with coherent supercurrents. This strenght-
ens our proposed indistinguishability of fractional charges
in sequential electron tunneling and fractionally charged
quasiparticles, and provides in addition an unexpected
possibility to simulate crucial aspects of the transport
physics of strongly correlated quantum systems by means
of classical, incoherent dynamics.
We have provided explicit strategies to verify the var-
ious claims in experiments. Firstly, we have identi-
fied a regime of nearly Poissonian statistics of fractional
charges, which can be measured through low cumulants.
Beyond the effectively Poissonian regime, we have shown
how to extract the fractional charges and the geometric
phase from the waiting time distribution. Thus, we po-
tentially open up a new road to characterise the topology
of open quantum systems by means of the detector de-
gree of freedom. An important future project could aim
at generalizing this concept to multidimensional systems,
where more than one quantity is measured. Finally, we
have shown at a simple, easily realizable example, that
the fractional effect can be used to detect the presence
of multiple charge islands even when the charge detector
cannot distinguish them directly. This could open up a
new research direction to use topological effects in the
detector dynamics for novel measurement techniques. In
future research, this effect could potentially be extended
to cases when the resolution of the discrete process and
the detector resolution are incommensurate.
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